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Asymptotics of the Eigenvalues and Eigenfunctions of a
Non-Self-Adjoint Problem with a Spectral Parameter in
the Boundary Condition

T.F. Kasimov

Abstract. In this paper we consider the nonself-adjoint spectral problem

−y” + q(x)y = λy, 0 < x < 1,

with nonseparated boundary conditions

y (0) = 0, y′ (0) = (aλ+ b) y (1) ,

where λ is a spectral parameter, q(x) is arbitrary complex-valued summable function, a and b are
complex numbers (a 6=0). Asymptotic formulas are obtained for the eigenvalues and eigenfunctions
of the considered spectral problem with indication of several subsequent terms of the asymptotics.
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Àñèìïòîòèêà Ñîáñòâåííûõ Çíà÷åíèé è Ñîáñòâåííûõ

Ôóíêöèé Îäíîé Íåñàìîñîïðÿæåííîé Çàäà÷è ñî Ñïåê-

òðàëüíûì Ïàðàìåòðîì â Êðàåâîì Óñëîâèè

Ãàñûìîâ Ò.Ô.

Àííîòàöèÿ. Â ðàáîòå ðàññìàòðèâàåòñÿ ñïåêòðàëüíàÿ çàäà÷à

−y′′ + q (x) y = λy, x ∈ (0, 1) ,
y (0) = 0, y′ (0) = (aλ+ b) y (1) ,

ãäå λ−ñïåêòðàëüíûé ïàðàìåòð, q (x)−êîìïëåêñíîçíà÷íàÿ ñóììèðóåìàÿ ôóíêöèÿ, a è

b−ïðîèçâîëüíûå êîìïëåêñíûå ÷èñëà (a 6= 0). Ïîëó÷åíû àñèìïòîòè÷åñêèå ôîðìóëû äëÿ ñîá-

ñòâåííûõ çíà÷åíèé è ñîáñòâåííûõ ôóíêöèé ðàññìàòðèâàåìîé ñïåêòðàëüíîé çàäà÷è.

Êëþ÷åâûå ñëîâà: Ñïåêòðàëüíàÿ çàäà÷à, ñîáñòâåííûå çíà÷åíèÿ, ñîáñòâåííûå ôóíêöèè

2010 Mathematics Subject Classi�cations: 34B04, 34B09, 34B24

1. Ââåäåíèå

Ðàññìîòðèì ñëåäóþùóþ ñïåêòðàëüíóþ çàäà÷ó:

−y′′ + q (x) y = λy, x ∈ (0, 1) (1)

y (0) = 0,
y′ (0) = (aλ+ b) y (1) ,

}
(2)

ãäå λ−ñïåêòðàëüíûé ïàðàìåòð, q (x)−êîìïëåêñíîçíà÷íàÿ ñóììèðóåìàÿ ôóíêöèÿ, a è
b− ïðîèçâîëüíûå êîìïëåêñíûå ÷èñëà (a 6= 0).

Íàøà öåëü â íàñòîÿùåé ðàáîòå ïîëó÷èòü àñèìïòîòè÷åñêèå ôîðìóëû äëÿ ñîáñòâåí-
íûõ çíà÷åíèé è ñîáñòâåííûõ ôóíêöèé ñïåêòðàëüíîé çàäà÷è (1), (2). Ïîëó÷åííûå çäåñü
ôîðìóëû ìîãóò áûòü èñïîëüçîâàíû äëÿ èññëåäîâàíèÿ áàçèñíûõ ñâîéñòâ ñîáñòâåííûõ
ôóíêöèé â ðàçëè÷íûõ ôóíêöèîíàëüíûõ ïðîñòðàíñòâàõ, à òàêæå â âîïðîñàõ ðàâíî-
ìåðíîé è àáñîëþòíîé ñõîäèìîñòè, è ñõîäèìîñòè â òî÷êå áèîðòîãîíàëüíûõ ðàçëîæå-
íèé ôóíêöèé ïî ñîáñòâåííûì ôóíêöèÿì ñïåêòðàëüíîé çàäà÷è. Ýòèì âîïðîñàì áóäåò
ïîñâÿùåíà îòäåëüíàÿ ðàáîòà.
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Ñïåêòðàëüíûì çàäà÷àì äëÿ îáûêíîâåííûõ äèôôåðåíöèàëüíûõ îïåðàòîðîâ ñî
ñïåêòðàëüíûì ïàðàìåòðîì â ãðàíè÷íûõ óñëîâèÿõ ïîñâÿùåíû ìíîãî÷èñëåííûå ðàáî-
òû. (ñì. íàïðèìåð, [1-14] è èìåþùèåñÿ òàì áèáëèîãðàôèþ.) Èç ïîñëåäíèõ îòìåòèì
ðàáîòû [15-24]. Íåïîñðåäñòâåííîå îòíîøåíèå ê íàøåé ðàáîòå èìåþò ðàáîòû [8,9,14],
íî ìû ðàññìàòðèâàåì áîëåå îáùèé ñëó÷àé, ÷åì â ýòèõ ðàáîòàõ. Â [8,9] ðàññìîòðåí
ñëó÷àé q (x) ≡ 0, b = 0, à â [14] ïðè äîïîëíèòåëüíîì ïðåäïîëîæåíèè q (x) = q (1− x)
ðàññìîòðåí ñëó÷àé b = 0.

2. Àñèìïòîòèêà ñîáñòâåííûõ çíà÷åíèé ñïåêòðàëüíîé çàäà÷è (1), (2)

Ïðèìåì λ = ρ2 è ÷åðåç y (x, ρ) îáîçíà÷èì ðåøåíèå óðàâíåíèÿ

−y′′ + q (x) y = ρ2y, x ∈ (0, 1) (3)

óäîâëåòâîðÿþùåå íà÷àëüíûì óñëîâèÿì

y (0) = 0, y′ (0) = ρ (4)

Èçâåñòíî, ÷òî (ñì. [25, ñòð.16]) ôóíêöèÿ y (x, ρ) óäîâëåòâîðÿåò òàêæå èíòåãðàëüíîìó
óðàâíåíèþ

y (x, ρ) = sin ρx+
1

ρ

∫ x

0
q (t) y (t, ρ) sin ρ (x− t) dt (5)

Ïðîäèôôåðåíöèðóÿ (5) ïî x, ïîëó÷èì

y′ (x, ρ) = ρ cos ρx+

∫ x

0
q (t) y (t, ρ) cos ρ (x− t) dt (6)

Èñïîëüçóÿ èçâåñòíûå íåðàâåíñòâà

|sin z| ≤ e|ImZ|, |cos z| ≤ e|ImZ|. (7)

Èç (5) ïîëó÷èì ñëåäóþùóþ îöåíêó äëÿ y (x, ρ) ïðè áîëüøèõ çíà÷åíèÿõ |ρ|:

y (x, ρ) = sin ρx+O

(
e|Imρ|x

|ρ|

)
; y′ (x, ρ) = ρ cos ρx+O

(
e|Imρ|x

)
. (8)

Èç (7) è (8), â ÷àñòíîñòè, ñëåäóåò îöåíêà

y (x, ρ) = O
(
e|Imρ|x

)
(9)

Îäíàêî íàì ïîíàäîáèòñÿ áîëåå òî÷íàÿ îöåíêà ôóíêöèè y (x, ρ) ïî ïàðàìåòðó ρ. Äëÿ
ýòîãî çàïèøåì (5) äëÿ y (t, ρ) è ïîäñòàâèì åå âûðàæåíèå â (5) è (6) ïîä èíòåãðàëîì.
Òîãäà ïîëó÷èì, ñîîòâåòñòâåííî

y (x, ρ) = sin ρx+
1

ρ

∫ x

0
q (t)

(
sin ρt+

1

ρ

∫ t

0
q (τ) y (τ, ρ) sin ρ (t− τ) dτ

)
·
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· sin ρ (x− t) dt = sin ρx+
1

ρ

∫ x

0
q (t) sin ρt · sin ρ (x− t) dt+

+
1

ρ2

∫ x

0
q (t)

∫ t

0
q (τ) y (τ, ρ) sin ρ (t− τ) · sin ρ (x− t) dτdt =

= sin ρx− 1

2ρ

∫ x

0
q (t) dt · cos ρx+

1

2ρ

∫ x

0
q (t) cos ρ (x− 2t) dt+

+
1

ρ2

∫ x

0
q (t)

(∫ t

0
(q (τ) y (τ, ρ) sin ρ (t− τ) dτ)

)
sin ρ (x− t) dt.

Àíàëîãè÷íî,

y′ (x, ρ) = ρ cos ρx+

∫ x

0
q (t)

(
sin ρt+

1

ρ

∫ t

0
q (τ) y (τ, ρ) sin ρ (t− τ) dτ

)
·

· cos ρ (x− t) dt = ρ cos ρx+

∫ x

0
q (t) sin ρt · cos ρ (x− t) dt+

+
1

ρ

∫ x

0
q (t)

(∫ t

0
q (τ) y (τ, ρ) sin ρ (t− τ) dτ

)
cos ρ (x− t) dt =

= ρ cos ρx+

∫ x

0
q (t) dt · sin ρx− 1

2

∫ x

0
q (t) sin ρ (x− 2t) dt+

+
1

ρ

∫ x

0
q (t)

(∫ t

0
q (τ) y (τ, ρ) sin ρ (t− τ) dτ

)
· cos ρ (x− t) dt.

Òåïåðü,ñ ó÷åòåì (7), (8), îòñþäà ïîëó÷èì

y (x, ρ) = sin ρx− 1

2ρ

∫ x

0
q (t) dt·cos ρx+

1

2ρ

∫ x

0
q (t) cos ρ (x− 2t) dt+O

(
e|Imρ|x

|ρ|2

)
, (10)

y′ (x, ρ) = ρ cos ρx+
1

2

∫ x

0
q (t) dt ·sin ρx− 1

2

∫ x

0
q (t) sin ρ (x− 2t) dt+O

(
e|Imρ|x

|ρ|

)
. (11)

Ñïðàâåäëèâà ñëåäóþùàÿ

Òåîðåìà 2.1. Ñîáñòâåííûå çíà÷åíèÿ ñïåêòðàëüíîé çàäà÷è (1), (2) àñèìïòîòè÷åñêè
ïðîñòû è èìåþò àñèìïòîòèêó

λk = ρ2k, ãäå (k = 0, 1, 2, ...)

ρk = πk +
ak
k

+
bk
k

+O

(
1

k2

)
(12)

çäåñü îáîçíà÷åíû

ak =
1 + (−1)k aq

aπ
, bk =

(−1)k+1

2π

∫ 1

0
q (t) cos 2πktdt , q =

1

2

∫ 1

0
q (t) dt ..
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Äîêàçàòåëüñòâî. Ôóíêöèÿ y (x, ρ) óäîâëåòâîðÿåò óñëîâèþ y (0) = 0. Ïîòðåáóåì, ÷òî-
áû îíà óäîâëåòâîðÿëà òàêæå óñëîâèþ y′ (0) = (aλ+ b) y (1), ò.å.

y′ (0, ρ) =
(
aρ2 + b

)
y (1, ρ) . (13)

Ó÷èòûâàÿ, ÷òî

y′ (0, ρ) = ρ,

y (1, ρ) = sin ρ− q

ρ
cos ρ+

1

2ρ

∫ 1

0
q (t) cos ρ (1− 2t) dt+O

(
e|Imρ|

|ρ|2

)
.

Ïîäñòàâëÿÿ ýòè âûðàæåíèÿ â (13), ïîëó÷èì ñëåäóþùåå óðàâíåíèÿ

ρ =
(
aρ2 + b

)(
sin ρ− q

ρ
cos ρ+

1

2ρ

∫ 1

0
q (t) cos ρ (1− 2t) dt+O

(
e|Imρ|

|ρ|2

))
.

Îòìåòèì, ÷òî ÷èñëî λ = − b
a íå ìîæåò áûòü ñîáñòâåííûì çíà÷åíèåì çàäà÷è (1), (2),

òàê êàê â ýòîì ñëó÷àå ñîîòâåòñòâóþùåå ðåøåíèå óðàâíåíèÿ (1) óäîâëåòâîðÿåò íà÷àëü-
íûì óñëîâèÿì y (0) = 0 è y′ (0) = 0, è ïîýòîìó îíî òðèâèàëüíî, ò.å. y (x) ≡ 0. Òîãäà
ñîáñòâåííûå çíà÷åíèÿ çàäà÷è (1), (2) ÿâëÿþòñÿ êâàäðàòàìè íóëåé ñëåäóþùåãî óðàâ-
íåíèÿ:

δ (ρ) = sin ρ− ρ

aρ2 + b
− q

ρ
cos ρ+

1

2ρ

∫ 1

0
q (t) cos ρ (1− 2t) dt+O

(
e|Imρ|

|ρ|2

)
. (14)

Ëåãêî çàìåòèòü, ÷òî ïðè |Imρ| → ∞ ∃C > 0:

|δ (ρ)| ≥ Ce|Imρ|.

Ïîýòîìó âñå íóëè ôóíêöèè δ (ρ) ðàñïîëîæåíû â íåêîòîðîé ïîëîñå |Imρ| ≤ h. Ïðè
âûïîëíåíèè óñëîâèé |Imρ| ≤ h è |ρ| → ∞ èç (14), â ÷àñòíîñòè ïîëó÷àåì

δ (ρ) = sin ρ+O

(
1

ρ

)
. (15)

Ïðèìåíÿÿ òåîðåìó Ðóøå [26, ñ.425], ïîëó÷àåì, ÷òî ïðè äîñòàòî÷íî áîëüøèõ |ρ| îêîëî
êàæäîãî íóëÿ ôóíêöèè sin ρ, ò.å. ρ = πk, ðàñïîëîæåí òîëüêî îäèí íóëü ôóíêöèè δ (ρ),
ïîýòîìó äëÿ íóëåé ρk ôóíêöèè δ (ρ) ñïðàâåäëèâî ñîîòíîøåíèå

ρk = πk + bk,

ãäå δk = O
(
1
k

)
. Óòî÷íèì îöåíêó δk. Ïîäñòàâëÿÿ â (14) ρ = ρk, ïîëó÷èì

sin δk =
πk +O

(
1
k

)
a
(
πk +O

(
1
k

))2
+ b

+
q

πk +O
(
1
k

) cos

(
πk +O

(
1

k

))
− 1

2
(
πk +O

(
1
k

)) ·
15



·
∫ 1

0
q (t) cos

(
πk +O

(
1

k

))
(1− 2t) dt+O

(
1

k2

)
=

=
1

aπk
+

(−1)k q

πk
− (−1)k

2πk

∫ 1

0
q (t) cos 2πktdt+O

(
1

k2

)
.

Òîãäà

δk =
ak
k

+
bk
k

+O

(
1

k2

)
(16)

ãäå

bk =
(−1)k+1

2π

∫ 1

0
q (t) cos 2πktdt, ak =

1 + (−1)k aq

aπ
. (17)

({ak} îãð., bk = o (1))
Î÷åâèäíî, ÷òî ïîñëåäîâàòåëüíîñòü {ak} îãðàíè÷åíà, à èç òåîðåìû Ëåáåãà �Ðèìàíà
ñëåäóåò, ÷òî {bk} èìååò ïîðÿäîê bk = o (1) ïðè k →∞.

3. Àñèìïòîòèêà ñîáñòâåííûõ ôóíêöèé ñïåêòðàëüíîé çàäà÷è (1), (2)

Àñèìïòîòèêó ñîáñòâåííûõ ôóíêöèé áóäåì íàõîäèòü â äâóõ ïðèáëèæåíèÿõ: ñ òî÷íî-
ñòüþ O

(
1
k

)
è òî÷íîñòüþ O

(
1
k2

)
. Â âîïðîñàõ áàçèñíîñòè äîñòàòî÷íî èìåòü àñèìïòîòèêó

ñ îñòàòêîì O
(
1
k

)
.

Î÷åâèäíî, ÷òî ñîáñòâåííûìè ôóíêöèÿìè ñïåêòðàëüíîé çàäà÷è (1), (2) ÿâëÿþò-
ñÿ yk (x) = y (x, ρk), ãäå y (x, ρ)−ðåøåíèå óðàâíåíèÿ (3), óäîâëåòâîðÿþùåå óñëîâèÿì
(4). Òàê êàê y (x, ρk) óäîâëåòâîðÿåò òàêæå óñëîâèþ (13), òî îíà ÿâëÿåòñÿ ñîáñòâåííîé
ôóíêöèåé, ñîîòâåòñòâóþùåé ñîáñòâåííîìó çíà÷åíèþ λk = ρ2k. Ñëåäîâàòåëüíî, ïîä-
ñòàâëÿÿ â ïåðâîé ôîðìóëå (8) ρ = ρk, èìååì

yk (x) = y (x, ρk) = sin ρkx+O

(
1

ρk

)
=

= sin

(
πk +O

(
1

k

))
x+O

(
1

πk +O
(
1
k

)) = sinπk +O

(
1

k

)
Òàêèì îáðàçîì, äîêàçàíî

Òåîðåìà 3.1. Äëÿ ñîáñòâåííûõ ôóíêöèé ñïåêòðàëüíîé çàäà÷è (1), (2) ñïðàâåäëèâû
àñèìïòîòè÷åñêèå ôîðìóëû

y (x) = sinπkx+O

(
1

k

)
, k = 0, 1, 2, ... (18)

Îäíàêî â âîïðîñàõ ñõîäèìîñòè â òî÷êå, à òàêæå ðàâíîìåðíîé ñõîäèìîñòè áèîðòî-
ãîíàëüíûõ ðàçëîæåíèé ïî ñîáñòâåííûì ôóíêöèÿì çàäà÷è (1), (2) íóæíî èìåòü áîëåå
òî÷íûå îöåíêè îñòàòî÷íîãî ÷ëåíà.

Ñïðàâåäëèâà ñëåäóþùàÿ
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Òåîðåìà 3.2. Äëÿ ñîáñòâåííûõ ôóíêöèé ñïåêòðàëüíîé çàäà÷è (1), (2) ñïðàâåäëèâà
ñëåäóþùàÿ óòî÷íåííàÿ àñèìïòîòèêà

yk (x) = sinπkx+

(
ak
k

+
bk
k

)
x · cosπkx− 1

2πk

(∫ x

0
q (t) dt

)
cosπkx+

+
1

2πk

∫ x

0
q (t) cosπk (x− 2t) dt+O

(
1

k2

)
, (19)

ãäå ak è bk îïðåäåëåíû ôîðìóëàìè (17).

Äîêàçàòåëüñòâî. Àñèìïòîòèêó ñîáñòâåííûõ ôóíêöèé áóäåì íàõîäèò èç (10), ïîäñòàâ-
ëÿÿ òàì âìåñòî ρ çíà÷åíèå ρk èç (12).

yk (x) = sin ρkx−
1

2ρ

∫ x

0
q (t) dt · cos ρkx+

1

2ρk

∫ x

0
q (t) cos ρk (x− 2t) dt+O

(
1

ρ2k

)
. (20)

Ïðåäâàðèòåëüíî ïîëó÷èì íåêîòîðûå àñèìïòîòè÷åñêèå îöåíêè. Âñå îöåíêè áóäåì ïîëó-
÷àòü ñ îñòàòêîì O

(
1
k2

)
. Ó÷èòûâàÿ îöåíêó (16) äëÿ δk, à òàêæå èçâåñòíûå ñîîòíîøåíèÿ

sin δ = δ +O
(
δ3
)
è cos δ = 1 +O

(
δ2
)
ïðè δ → 0, èìååì ñëåäóþùèå îöåíêè

sin ρkx = sin (πk + δk)x = sinπkx · cos δkx+ cosπkx · sin δkx =

= sinπkx
(
1 +O

(
δ2k
))

+ cosπkx
(
δkx+O

(
δ3k
))

= sinπkx+ δkx · cosπkx+O

(
1

k2

)
;

cos ρkx = cos (πk + δk)x = cosπkx · cos δkx− sinπkx · sin δkx =

= cosπkx
(
1 +O

(
δ2k
))
− sinπkx

(
δkx+O

(
δ3k
))

= cosπkx− δkx · sinπkx+O

(
1

k2

)
;

sin ρk (x− 2t) = cosπk (x− 2t)− δk (x− 2t) sinπk (x− 2t) +O

(
1

k2

)
1

ρk
=

1

πk + δk
=

1

πk

(
1 +O

(
δk
k

))
=

1

πk
+O

(
1

k3

)
.

Ó÷èòûâàÿ âñå ýòè îöåíêè â (20) è óïðîùàÿ ïîëó÷åííûå âûðàæåíèÿ, ïîëó÷àåì ñïðà-
âåäëèâîñòü ôîðìóëû (19).

4. Ñîïðÿæåííàÿ ñïåêòðàëüíàÿ çàäà÷à

Íåïîñðåäñòâåííî ïðîâåðÿåòñÿ, ÷òî ñîïðÿæåííàÿ çàäà÷à èìååò âèä

−z′′ +
____

q (x) z = λz, x ∈ (0, 1) (21){
z (1) = 0,
z′ (1) +

(
āλ+ b̄

)
z (0) = 0

(22)
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×åðåç z (x, ρ)
(
λ = ρ2

)
îáîçíà÷èì ðåøåíèå óðàâíåíèÿ

−z′′ +
____

q (x) z = ρ2z

óäîâëåòâîðÿþùåå íà÷àëüíûì óñëîâèÿì

z (1) = 0, z′ (1) = −ρ.

Ôóíêöèÿ z (x, ρ) ÿâëÿåòñÿ òàêæå ðåøåíèåì èíòåãðàëüíîãî óðàâíåíèÿ

z (x, ρ) = sin ρ (1− x) +
1

ρ

∫ 1

x

____

q (t) z (t, ρ) sin ρ (t− x) dt (23)

Ñîáñòâåííûìè çíà÷åíèÿìè ñîïðÿæåííîé çàäà÷è ÿâëÿþòñÿ λ̄k = ρ̄2k. Íàéäåì àñèìïòî-
òèêó ñîáñòâåííûõ ôóíêöèé

zk (x) = z (x, ρ̄k) = sin ρ̄k (1− x) +O

(
1

ρk

)
= sinπk (1− x) +O

(
1

k

)
=

= (−1)k+1 sinπkx+O

(
1

k

)
Äëÿ ïîëó÷åíèÿ áîëåå òî÷íîé àñèìïòîòèêè, ïðåîáðàçóåì èíòåãðàëüíîå óðàâíåíèå (23)
ñëåäóþùèì îáðàçîì

z (x, ρ) = sin ρ (1− x) +
1

ρ

∫ 1

x

____

q (t)

(
sin ρ (1− t) +

1

ρ

∫ 1

t

____

q (τ) z (τ, ρ) sin ρ (τ − t) dτ
)
·

· sin ρ (t− x) dt = sin ρ (1− x) +
1

ρ

∫ 1

x

____

q (t) sin ρ (1− t) sin ρ (t− x) dt+

+
1

ρ2

∫ 1

x

____

q (t)

(∫ 1

t

____

q (τ) z (τ, ρ) sin ρ (τ − t) dτ
)

sin ρ (t− x) dt =

= sin ρ (1− x)− 1

2ρ

∫ 1

x

____

q (t) dt · cos ρ (1− x) +
1

2ρ

∫ 1

x

____

q (t) cos ρ (1− 2t+ x) dt+

+
1

ρ2

∫ 1

x

____

q (t)

(∫ 1

t

____

q (τ) z (τ, ρ) sin ρ (τ − t) dτ
)

sin ρ (t− x) dt. (24)

Äëÿ ðåøåíèÿ z (x, ρ) óðàâíåíèå (21) ñïðàâåäëèâà àíàëîãè÷íàÿ (9) îöåíêà: z (x, ρ) =
O
(
e|Imρ|(1−x)

)
. Ïîäñòàâëÿÿ ýòî â ïîñëåäíåì ñëàãàåìîì â (24) ïîä èíòåãðàëîì è ó÷è-

òûâàÿ îöåíêè (7), (8), ïîëó÷èì

z (x, ρ) = sin ρ (1− x)− 1

2ρ

∫ 1

x

____

q (t) dt · cos ρ (1− x) +
1

2ρ

∫ 1

x

____

q (t) cos ρ (1− 2t+ x) dt+

+O

(
e|Imρ|(1−x)

|ρ2|

)
(25)
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Ïîäñòàâëÿÿ ρ = ρ̄k,

zk (x) = sin ρ̄k (1− x)− 1

2ρ̄k

∫ 1

x

____

q (t) dt · cos ρ̄k (1− x) +

+
1

2ρ̄k

∫ 1

t

____

q (t) cos ρ (1− 2t+ x) dt+O

(
1

ρ2k

)
(26)

ãäå ρ̄k = πk + ~δk; δk = ak
k + bk

k + O
(

1
k2

)
. Ïîñòóïàÿ àíàëîãè÷íî, êàê è ïðè ïîëó÷åíèè

îöåíêè (19), èìååì

sin ρ̄k (1− x) = sin
(
πk + δ̄k

)
(1− x) = sinπk (1− x) · cos δ̄k (1− x) +

+ cosπk (1− x) sin δ̄k (1− x) = sinπk (1− x)+

(
_______

ak + bk
k

)
(1− x)·cosπk (1− x)+O

(
1

k2

)
cos ρ̄k (1− x) = cos

(
πk + δ̄k

)
(1− x) = cosπk (1− x) · cos δ̄k (1− x)−

− sinπk (1− x)·sin δ̄k (1− x) = cosπk (1− x)−
_______

ak + bk
k

(1− x)·sinπk (1− x)+O

(
1

k2

)
cos ρ̄k (1− 2t+ x) = cos

(
πk + δ̄k

)
(1 + x− 2t) = (−1)k cos

(
πk + δ̄k

)
(x− 2t) =

= (−1)k cosπk (x− 2t)− (−1)k
_______

ak + bk
k

(x− 2t) · sinπk (x− 2t) +O

(
1

k2

)
.

Ó÷èòûâàÿ ïîëó÷åííûå îöåíêè, èç (26) ïîëó÷èì

zk (x) = sinπk (1− x) +
āk + b̄k
k

cosπk (1− x)−

− 1

2πk

∫ 1

x

____

q (t) dt · cosπk (1− x) +
(−1)k

2πk

∫ 1

x

____

q (t) cosπk (x− 2t) dt+O

(
1

k2

)
. (27)

Òàêèì îáðàçîì, äîêàçàíà ñëåäóþùàÿ

Òåîðåìà 4.1. Äëÿ ñîáñòâåííûõ ôóíêöèé ñîïðÿæåííîé ñïåêòðàëüíîé çàäà÷è (21),
(22) ñïðàâåäëèâû àñèìïòîòè÷åñêèå ôîðìóëû (27).
Î÷åâèäíî, ÷òî âñå ñîáñòâåííûå ôóíêöèè zk (x) ñîïðÿæåííîé çàäà÷è (21), (22) óäî-
âëåòâîðÿþò óñëîâèþ zk (0) 6= 0. Òàê êàê, â ïðîòèâíîì ñëó÷àå ìû ïîëó÷àåì, ÷òî îíà

óäîâëåòâîðÿåò óðàâíåíèþ (21) è íà÷àëüíûì óñëîâèÿì zk (1) = 0, z′k (1) = 0. Òîãäà
îíà ÿâëÿåòñÿ òðèâèàëüíûì ðåøåíèåì óðàâíåíèÿ (21), ò.å. zk (x) ≡ 0, ïðîòèâîðå-
÷èòü òîìó, ÷òî îíà ÿâëÿåòñÿ ñîáñòâåííîé ôóíêöèåé. Ýòîò ôàêò ÿâëÿåòñÿ î÷åíü

âàæíûì ïðè èçó÷åíèè âîïðîñà áàçèñíîñòè ñîáñòâåííûõ ôóíêöèé â ïðîñòðàíñòâå

Lp (0, 1).

Â çàêëþ÷åíèè àâòîð âûðàæàåò áëàãîäàðíîñòü ñâîåìó íàó÷íîìó ðóêîâîäèòåëþ
ä.ì.è. Ò.Á.Êàñóìîâó (T.B.Gasymov) çà ïîñòàíîâêó çàäà÷è è çà öåííûå ñîâåòû ïðè
âûïîëíåíèè ýòîé ðàáîòû.
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