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Problems for the First-Order Differential equations with
Discrete Additive and Discrete Multiplicative Deriva-
tives
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Abstract. The paper is devoted to the study of the solution of the Cauchy and boundary value
problems for the ordinary differential equation of the first order with discrete additive and discrete
multiplicative derivatives. Based on the definition of discrete derivatives, the considered problem
is reduced to the different difference equations, for the solution of which the analytical expression
is obtained. The analytical formulas for the solution are proved by the method of mathematical
induction. Formulation of the problem and the obtained results are new and relevant when solving
not only linear ones, even for nonlinear difference equations. Note that the considered equation
and the boundary conditions, are nonlinear.
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1. Introduction

It is known that both for the ordinary differential equation [1], [2] and for the partial
differential equations [3, 4], various problems for discrete additive derivatives [5] and the
so-called difference equations [6] have been well studied.

Multiplicative derivatives in the continuous case have appeared recently. In [7] the
definition of the multiplicative derivative and the multiplicative integral and their main
properties are given.

We started to study the discretely multiplicative derivative in [8]. Further, different
problems were considered for the differential equation with discrete additive-multiplicative
and discrete multiplicative-additive derivatives [9], [10].

Then we gave the definition of the discrete powerative derivative and formulation of
the various problems for three types of discrete derivative [11, 12].
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2. Problem statement and main results

Consider the first-order discrete differential equation with various discrete derivatives

yl+ay) —ayn =0, n>0, (1)
where a is a given real constant, ¥, is a sought real valued sequence.

Definition 2.1. Discrete additive derivative of the real valued sequence yy, is defined as

u) = Ynt1 = Un (2)
Definition 2.2. Discrete multiplicative derivative of the real valued sequence yy, is defined
by the relation
[1] — Yntl 3
i =t 3

Note that the definition of the discrete additive integral and the discrete multiplicative
integral also belong to us. We assume that y, is not a constant sequence, i.e.

Yn F C. (4)

Taking into account the definitions of the discrete additive derivative (2) and discrete
multiplicative derivative (3), first-order equation (1) can be represented in the following
form of a nonlinear difference equation

Yn+1

40 (Yns1 —yn) —a*y2 =0, n>0.

Yn

Multiplying the last relation by ¥, we get

Ynt1 + @Yy (Yns1 — yn) —a’ys =0, n >0.

After some simple transformations we obtain
2 2,3 _
Yn+1 + QYpYnt1 —ay, —a’y, =0, n >0,
(1+ ay,) ynr1 —ayy, (L +ay,) =0, n >0, (5)
(1+ayy,) (Yn+1 —ayn) =0, n >0
Considering that ¥, is not a constant sequence, we can assume that

L 4ay, #0, n>0 (6)
Then from (5) we obtain the following equation
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Ynt1 —ayy =0, n>0

or

Yn+1 = ay?w n > 0. (7)

Now we solve difference equation (7). From (7) at n = 0 we have

y1 = ayp, (8)
atn=1,
y2 = ayi.
Considering (8) we find
y2 = a(ayp)’ = a’y;. 9)
At n =2 from (7) we get
Y3 = ay%-
Considering (9) we obtain
ys = a(a’yp)® = a'y;. (10)
Continuing this process we finally get
g =a>" ly3", n >0, (11)

As one can see, relations (8)-(10) are obtained from (11) at n =1, n =2 and n = 3.
Now let us prove formula (11) by the method of mathematical induction.
Suppose that (11) is valid up to the index k inclusively, i.e.

Yn = a?" 1 -ygn, n>k. (12)

We should obtain (11) at n =k + 1.
At n =k from (7) we get

Ye+1 = ayi (13)
At n =k from (12) we get
k_ k
gk =a” lyg

Substituting this into (13) we find

_ 2k—1_9k\2 _  142.9k_9 2.9k _ okt+l_7 9k+l
Yre1 =ala” Yy )T =a Yo a Yo

Y

5



which coincides with (12) at n =k + 1.
Relation (11) is proved.
Thus, we obtained the following statement.

Theorem 2.3. If a is a given real number, then under conditions (16) there exists a
general solution to equation (1) that can be represented in the form (11), where yo is an
arbitrary constant number.

Indeed, taking into account (11), using relations (2) and (3), we calculate the discrete
additive and discrete multiplicative derivative ,, i.e.

1 2n+171 2n+1 2n—1 on 2n+171 on on on
y =yni1—yn=a woo—a Y = a v (v —1), (14
and
y a2n+1_1y2n+1 " T
1] _ In+1 0 _ 2nTi—_1-2n41, 2nTi_2n _ 2m 2"
ylil = S g = A o =a®y5 (15)
n 0

Substituting (14) and (15) into the first order equation of (1), we get

o ay® — a2y = a® " ta-a® TR (@ - 1) —a?- (@) =

=a’yy +atys (@ yp —1) = (ayp ) —a”yg +
2n+1 2n+1 on 9n 2n+1 2n+1
+a® Yy —ayg —a® oy =0,

i.e. the first order equation (1) is satisfied.
Cauchy problem. Consider first-order equation (1) with the following initial condi-
tion
Yo = T. (16)

Then it is clear from (11) that the following statement is true.

Theorem 2.4. Under the condition of Theorem 1, if x is a given real number, then there
is a unique solution to Cauchy problem (1), (16) having the form

yn = a® "tz (17)

It was shown that (11) satisfies equation (1), since (17) was obtained from (11) for
yo = x. Then (17) also satisfies (1). If we substitute n = 0 in (17), then we have yo = x
which indeed is initial condition (16).

Boundary value problem: Suppose that equation (1) is satisfied for n = 0, N — 1,
ie.

o b ay® a2 =0, n=0N "1, (18)
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Then we add the following boundary condition to (18)

VYR = (19)

where o, 8 and « are given real numbers. Then, taking into account that the general
solution of equation (18) is given in the form (11), considering the specified boundary
condition (19), we have

N_ N B
v (@ Tty ) =1,

or

N _ ,2N
P2 1)y8<+5 =7,

or the same
N _B(aN_

Thus yo is not uniquely determined from algebraic equation (20).
Indeed, since the two-term equation

X™ = A, (21)

where A > 0 and m € N (N is the set of natural numbers) has m number of solutions of
the form

2km
X, = YAE'™ | k=0,m— 1, (22)
which for £ = m turns to
Xm = XOa
and for £k = m + 1 turns to

X1 =Xy

and at k € Z the obtained solution is repeated. Thus, equation (21) has m different
solutions, i.e. equation (20) has an infinite number of solutions in the form

vop = “H7N W_ﬁ(zN—l)Ei%, keZ. (23)

Therefore, using (11) and (23) non-unique solution to boundary value problem (18),
(19), is represented in the form

_ 2km 2n
yoi = a2 ( ets2¥ /4 a—ﬂ@N—l)EiawaN) , 0<n<N; keZ, (24)

where 1 = /—1.



Indeed, taking into account the definition of the discrete additive derivative (2) we
obtain from (24)

2n+1

. 2km
yflllc) = Ynt+1k — Ynk = a2n+1_1< Y 70_5(2N—1)E1W> -

(25)
N i 2km 2"
_a2n1( °<+B'2\/fya_ﬂ(2N_1)E o<+6»2N) .
In the same way, taking into account the definitions of the discrete multiplicative

derivative (3) from (24), we obtain

n—+1

ok 2
2"t < °‘+B'2N\/ 7@‘5(2N—1)E2u+ﬁgN)

U _ Yngix _

Ynk = = 7
Ynk N . 2km
! a2"—1 < St BN 1) ot g2 >

2n+172n
- 2k
= a2n+1_1_2n+1 ( O<+,8'2N\/ ’YQ_B(QN_I)EZ <X+5jn-2N > =

n N N j—2km 2"
= g2 < °(+B'2w/fya_ﬂ(2 -Hp cx+6-2N) .
Substituting (24) - (26) into equation (18), we have

(1] (1)

1 2,2 _

. x 2n
a2 < octp-2 /7a5(2N1)EZKf§2N> +
an+l on
. 2km - 2km
gy ( w82 BN 1) EM) — a1 ( “*B‘2N\/7a—ﬁ<2N—1>E’M> ] -
2n+1 on
- 2km . 2km
_a2'a2n+1,2 ( xc+p-2N /fya—ﬁ(QN_l)EltXJrﬁ‘?N) _ a2n < octp-2N /rya_fB(QN_l)EZLXJrBQN) 4
n+1
on+1 [ sipgoN _B(aN—1 ZLWN 2 on [ wrpaN _B(aN_1 ZLWN
“+a ya B( )E x+p3-2 —a Yya B( )E x+43-2 —
n+1
grt1 ((scrpeN [ gon i\ 2 "
—a Ya /3(2 1)E oc+p-2N == O .

Thus (24) satisfies equation (18). To show how expression (24) satisfies boundary condition
(19) we can write

+a

on



N8B

; us g ; s
Yorvns = (M%N\/ va—ﬂ<2N—1>E’°‘f§‘2N> '(aQNl)ﬂ( Y va—ﬁ@N—nEz“fg'”) -
———— e\ 082V
= Q’B(QN_l) . (O(+ﬁA2N ’ya_/g(2N_l)EZ0(f§‘2N) =

52 1)

= a - o BN-1) | pizkn _ - B2k

Theorem 2.5. Under the conditions of Theorem 1, if 0, [ and 7 are given positive
numbers, then there is not a unique solution to boundary value problem (18), (19) of form
(23).

Remark 2.6. If, instead of boundary condition (9), to impose the following one

then obtained boundary value problem (1), (27) also does not have a unique solution,
because yg is not determined uniquely.

If to assume that we seek only real valued solution for boundary value problem (18),
(19) then it is easy to see that this solution is unique and may be presented in the form

T <7a_ﬁ(2N_1) 2" ‘ (28)
Theorem 2.7. Under the conditions of Theorem 1, if 0, [ and 7 are given positive
numbers, then there is a unique real-valued solution to boundary value problem (18), (19)
represented in the form (28).

3. Conclusions

The paper considers the Cauchy problem and the boundary value problem for the
nonlinear differential equation of the first order with discrete additive and discrete mul-
tiplicative derivatives. For the considered problems the explicit analytical expression for
the solution is obtained. Note that the solution to the Cauchy problem for this nonlinear
equation is unique, and the solution to the boundary value problem for the first-order
nonlinear equation is not unique.
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