Journal of Contemporary Applied Mathematics
V. 16, No 1, 2026, January-June

ISSN  2222-5498, E-ISSN 3006-3183
https://doi.org/10.62476/jcam.161.1

Frankl’s problem for a three-dimensional equation
of mixed type with a singular coefficient

Kamoliddin T. Karimov, Asrorjon M. Shokirov

Abstract. The paper studies the Frankl problem for a three - dimensional equation
of mixed type with a singular coefficient in a mixed domain consisting of a quarter
of a cylinder and two rectangular prisms. The unique solvability of the problem in
the class of regular solutions is proved. The Fourier method based on separation of
variables is used. The eigenfunctions of the problem in elliptic and hyperbolic domains
are constructed. The completeness of the system of eigenfunctions is investigated. Based
on the completeness property of systems of eigenfunctions, the uniqueness theorem is
proved, and the solution to the problem under study is constructed as the sum of a
double series. When substantiating the uniform convergence of the constructed series,
asymptotic estimates of the Bessel functions of the real and imaginary arguments were
used. Based on them, estimates were obtained for each member of the series, which made
it possible to prove the convergence of the obtained series and its derivatives up to the
second order inclusive, as well as the existence theorem in the class of regular solutions.
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1. Introduction

The first results concerning Frankl’s problem for the Lavrentiev—Bitsadze
equation g, + (sgny) uyy = 0 and for the Chaplygin equation K (y) tugs + uyy =
0, K (0) =0, K'(y) > 0 were obtained by A.V. Bitsadze [1], [2].

In the works of Yu. V. Devingtal [3]-[5] the Frankl problem for the Chaplygin
equation was studied for K (y) € C* (D), K (—y) = —K (y), and E.I. Moiseev
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in the work [6] by the method of spectral analysis constructed a solution to the
Frankl problem for the equation

Ugg + SENY * Uyy — pPsgn (z4+y)u =0, pu=const.

Also by his students [7]-[11] studied the problems of completeness and basis
of the system of eigenfunctions in the ellipticity domain of the modified Frankl
problem with nonlocal conditions of the first and second kind.

After these works, interest in studying the Frankl problem increased. Note
that such problems were the object of study in [12]-[15]. In these works, some
generalizations of the Frankl problem or analogs of the Frankl problem are con-
sidered in special areas.

In the work [16], the basis property of the system of eigenfunctions, corre-
sponding to a problem with a spectral parameter in the boundary condition is
studied. In the work [17], the eigenvalues of Fredholm type limit integral equa-
tions in the space of Bohr almost periodic functions are studied.

The works listed devoted to this problem mainly concern two-dimensional
problems. Three-dimensional problems are considered in works [18], [19], while
Frankl’s problem for mixed-type three-dimensional equations with singular coef-
ficients remains poorly studied.

In this work, the Fourier spectral method is used on the basis of the separation
of variables. The Fourier series method is widely used in the development of the
modern theory of partial differential equations (see, for example, [20]-[25]).

2. Statement of the problem

In this paper, we consider the following equation
2y
sgn(z + y) [Uzz + sgny - Uyy] —i—Uzz—i-?Uz =0 (1)

in the domain D =  x (0,¢), where v = const € R, and v € (—o00,1/2),
and € is a finite simply connected domain of the plane zOy, bounded by
the arc 59 = {(:x,y) x4yt =1, 2>0,y> 0} and the segments MM* =
{(z,y) :2=0,-1<y <1}, M*P={(z,y):z—y=1,0<z<1}.

Let us introduce the following notations: 2y = QN (y>0), O = QN
(,y):y<0,z+y>0}, Qo = QN{y<0,z4+y <0}, D; = Q; x (0,¢),
=02, 0P=Qn(y=0), 0Q = {(z,y):x+y=0,0<z<1/2}, OM =
(r,y) :2=0,0<y <1}, OM* = MM*\OM, 0(0,0), M (0,1), M*(0,-1).
In the domain D, the equation (1) belongs to the mixed type, namely: in the

domain Dy to the elliptic type, and in the domains D; and Dy to the hyperbolic
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type. The rectangle OP x (0,c) is the plane of change of type, and z = 0 is the
planes of singularity of the coefficient of the equation. In addition, when passing
from the domain Dy and D9 (and vice versa) through the rectangle OQ x (0, ¢),
the coefficients of the equation at the second derivatives have a discontinuity of
the first kind.

By a regular solution in the domain D of the equation (1), we mean a function
U (z,y, z) from the class of functions

C(D)NC (DU{z=0})\(D1N D)) NC222(DyUD1UDy).  (2)

In the domain D, we study the following problem for equation (1).

Problem F(). Find a regular solution of the equation (1) in domain D
satisfying the conditions

U(x,y,2) =0, (z,y) € g, z€ (0,¢), (3)
U(0,y,2)=0, ye[-1,1], z€(0,¢), (4)
Uz (0,y,2) + @1Us (0, —y,2) =0, y € (-1,0), z€[0,¢], (5)
Ul(z,y,0) = fi(z,y), Ulzy.c)=fa(z,y), (z.y) €, (6)

where f1 (z,y) and fo (z,y) are given functions, and ¢; equals 1 or —1.
Before moving on to the study of the problem considered, let us present some
known facts that we will need below.
Two-dimensional Cauchy—Goursat problem. Find a solution of the
following equation

Upy — Uyy + Au =0, (z,y) € D,

that is regular in the domain €y and satisfying the conditions
uy (2,0) =v1 (x), z€(0,1), u(z,—x)=1¢1(22), zec(0,1/2),

where 11 (z) and ¢y (x) are given functions, such that vy (z) € C2?(0,1) and
it can have a singularity of order less than one at + — 0 and x — 1, and
Y1 (z) € C1[0,1]1n NCZ9 (0,1), § > 0.

Using the results of [26], it is easy to verify that the solution to this problem
in the domain ; exists, is unique, and can be represented in the form

¢
o) = [ o010 [VAE= 0 —0]de+ v (€/2)+
0
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n
o (/D) =1 O (VAGD) - [ 1 D B0 sgmdz, (D)
0

where § =z 4y, n=z—1y, J,(x) is the Bessel’s function of the first kind of
order v [27],

Jo [VAE=t)(n—1)|, 2> ¢,

B(t,z;€,n) =
(t,z:6m) Jo [VAE—1) (1 —2) —|—J0[\/)\(§—z)(77—t)  z <t

Using the method of separation of variables, it is easy to prove that the
following problems have only trivial solutions:

Problem 1. Find a solution to the equation (1) in the domain Dy satisfying
the homogeneous conditions U (0,y,2) =0, y € [-1,0], z € [0,c]; U (0,y,2) =
0, ye (—-1,0), z€(0,¢); U(x,y,0) =0, U (z,y,c) =0, (x,y) € Q.

Problem 2. Find a solution to equation (1) in domain D; satisfying the
homogeneous conditions U (z,0,z) = 0, = € [0,1], z € [0,¢]; Uy (x,0,2) =
0, z€(0,1), z€(0,¢); U(z,y,0) =0, U (z,y,¢) =0, (x,y) € Q.

Now let us return to the study of the main problem. It is obvious that the
problem F()) is a problem of the Frankl problem type [26], [28]. If ¢; = 0, then it
follows from (5) that U, (0,y,2) =0, y € (—1,0), z € (0,c¢). Then, taking into
account this and (4), as well as the conditions (6) for fi (z,y) = fa(x,y) = 0,
based on the triviality of the solution to problem 1 for equation (1) in domain Dy,
we have U (z,y, z) =0, (z,y, z) € Dy, whence it follows that U (z, y, z)|®x[07d =
0. Consequently, in this case the problem F(1) is equivalent to the Tricomi problem
for the equation (1) in the domain Dy U [OP x (0,¢)]U D;. The Tricomi problem
for an equation with singular coefficients was studied in [29], [30].

3. Construction of a non-trivial solution to the problem {(1)—(5)}

We find non-trivial solutions of the equation (1) that satisfy conditions (2)-
(5). Separating the variables according to the formula U (z,y,2) = u (x,y) Z (2),
from the equation (1) and the conditions (2) -(5), we obtain the equation

2
72" (2) + 772’ (2) = A\Z(2) =0, 0<z<c (8)
and the following spektral problem:
u(z,y) € C(A)NC (QU{z =0})\0Q) NCZ (WU U,  (9)

Ugz + (S8DY) Uyy + Asgn (z +y)u =0, (z,y) € Qo U UQy, (10)
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u (x,y) =0, (x,y) € 00, (11)
u (07?/) =0, ye [_17 1] ) (12)
Ug (07 y) + qruy (Oa _y) =0, ye (_17 0) . (13)

For convenience, we will denote the problem {(9)—(13)} by Ff\l) and solve this
problem. In the domain €;, we consider the function V(z,y) = u(x,y) — u(s,t),
where s = —y, t = —x. Obviously, if (z,y) € Q, then (s,t) € Qq. Taking this
into account, as well as the properties of the function u(z,y) and the equality

lim w(z,y) = lim wu(z,y), 0<az <1/2 that follows from the condition
y——z—0 y——z+0

of the problem F &1)’ it is easy to verify that the function V' (z,y) is a solution of
the equation (10) in the domain 4, satisfying the condition V' (z, —z) = 0. Then,
according to the formula (7), it can be represented as

Tty

V) = [ V.04 [VAE= 00— 0]d
0

where E =z +y, n=x—y.
Assuming y = 0 in this formula and taking into account the following nota-
tions

1 (x) =u(z,0), z€]0,1], vi(z)= |lll}§0 uy (x,y), z€(0,1), (14)

T2 (y) =u(0,y), ye[-1,1], va(y) = lim u, (v,y), y€(~1,1),  (15)

|x|—0

we obtain
n(z) — 72 (—2) = / 1 (t) + va (—1)] Jo [ﬁ (z — t)} dt, 0<z<1. (16)
0

From the equality (16), due to the conditions (12) and (13), it follows that

T

n(z) = / 2 () — s (0] Ty [VA (@ — )] dt, 0<w<1. (17)

0

(17) is a functional relation between 7 (z), v1 () and v (z) on the segment
[0,1], obtained from the condition that the solution of the problem Ff\l) is con-
tinuous when passing through the lines OQ), and the domain €7 U ) satisfies the

equation (10), on the segment OM x — the conditions (12) and (13).
)



This reduces the problem FE\I) equivalently to the following generalized eigen-

value problem for the equation (10) in the domain Qg : find the eigenvalues and
eigenfunctions of the problem {(10), (11), (12), (17)}.

In the equation (10) in the domain €y, we pass to polar coordinates (r,y)
by the formulas r = /22 + y2, ¢ = arctg (y/x), and then separate the variables
by the formula u(x,y) = R(r)® (). Then the problem splits into two prob-
lems with respect to the functions R () and ® (¢), namely: with respect to the
function R (r) we obtain an eigenvalue problem

R (r) + R (r) + (\? —w?) R(r) =0, r € (0,1), (18)

R(0)=0, R(1)=0, (19)

and with respect to the function ® (¢) — the problem of determining those values
of the parameter w for which non-trivial solutions of the equation exist

" () + W@ () =0, 0< p <7/2, (20)

satisfying the conditions
d(r/2) =0, (21)
R (z)®(0) = [®'(0) — 1@’ (7/2)] /t—lR(t) Jo [ﬁ (z —t)}dt, z €10,1],
0
(22)
where w? is the separation constant.
A non-trivial solution of the equation (18), satisfying the first condition from
(19), to within a constant factor, is the function

R(r)=J, <\F/\r> , Rew > 0. (23)
Substituting the function (23) into the equality (22) and computing the re-

sulting integral using the formula [7]

r e 1
/Jp (c€) Jq (cu — cf) ; = ];J]Hq (cu), u,Rep >0, Req> —1,

0

we find the second boundary condition for determining ® (¢) :

® (0) — 1@ (7/2) —w® (0) =0, Rew > 0. (24)
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Thus, with respect to the function ® (p) we have a generalized eigenvalue
problem {(20), (21), (24)}. We seek nontrivial solutions to this problem in the
form

P (p) = acos (wp) + bsin (wy) , (25)

where a and b are arbitrary constants.
Satisfying the function (25) with the conditions (21) and (24), we obtain

{ a cos (wr/2) + bsin (wr/2) = 0,

a[l — ¢ sin (wm/2)] — b[1 — ¢ cos (wm/2)] = 0. (26)

The system (26) has nontrivial solutions if w satisfies the equation
sin (wm/2) 4 cos (wn/2) = q1.
This equation for |¢;| < /2 has a countable number of real roots, and the positive

ones are determined by the equalities

1 2
w1,n=4(n—1)+2+7Tarccos<31§), —\/ﬁgqlg\@;
4(n—1)+%—%arccos(%>, 1< q < V2
4n+%—%arccos(%), —-V2<q <1,

W2 n =

where n € N.
Let g1 = 1. Then the eigenvalues wi, = 4n — 3 and wa, = 4n, in combined
form are written as follows:

wp =2n+[(-1)" —-1]/2, ne€N.

If g1 = —1, then the eigenvalues wy , = 4n —2 and wa, = 4n —1, in combined
form are written as follows:

wp=2n—[(-1)"+1]/2, neN.

Substituting into (25) w = wy, (g1 = 1 or ¢ = —1) and taking into account the
first equality from (26), we find non-trivial orthonormal solutions to the problem

{(20), (21), (24)}:

By () = ——sin [(7/2 — P)wn], 1€ N. (27)

NZs
Next, substituting w = w,, n € N into (23) and applying the second of the
conditions (19), we obtain equations for A :

o, (WA) - 0, nen. (28)



Since w, > 0, each of the equations (28) has a countable number of real
roots. Denoting by ay,,-m— th positive root of the equation (28), we obtain the
eigenvalues of the problem {(18), (19)}:

2

Anm = Oy, n,m € N. (29)

The eigenfunctions of this problem corresponding to the eigenvalues (29),
orthonormalized with weight r, according to (23), have the form

Rom (1) = V2J, (pm ) /Jus 41 (@) s n,m € N. (30)

Substituting (30) and (27) into the equality u (z,y) = R (r) ® (), we obtain
non-trivial solutions to the elliptic problem:

Unm (2,Y) = dpmsin [(7/2 — @) wp] Ju, (@nm ™), (2,9) € Qo, ny,m € N, (31)

where dpn, = [2V2] /[VT T 41 (Qtnm ).
Therefore, the numbers (29) are the eigenvalues of the problem Fg\l).
Now we will find, in the domain 4, the eigenfunctions of problem Fg\l)
sponding to the eigenvalues (29). For this aim, following [31], in the domain

we introduce new variables £ = /22 — y2, n = 22/£2. In the coordinates (£,7)
the equation (10) takes the form

corre-

an (1 —n) upy +4(1/2 —n) uy +§2u§5 + Eug + X% =0.

Separating the variables u (§,17) = X (§) Y (n), we get

X" <5>+§X’ €+ (A= /) X (©) =0, £€(0,1): (32)

n(L=n)Y" () +1/2=m)Y () + (p*/4)Y () =0, ne (1, +00), (33)
where p? is the separation constant.

One can show that the solution of the equation (32), bounded as £ — 0, is
the function X (¢) = J, (ﬁg) , Rep > 0.

(33) is the Gauss hypergeometric equation [32]. Its general solution is given
by

1—p 1 _ p 1+p 1
Yim=ecnf2p (P 2"P 1_ )2 rl2p (£ 14 p: = 34
(77) an ( 2' 9 p; n + can 9 9 +p; n ) ( )

where ¢; and ¢y are arbitrary constants.
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Using the following formula [32]

1 1 1—2a
F(a—1/2,a,2a;n) = <2+2v1—n> ,

the function (34) can be rewritten as

— o\ P/? r/2
Y () = 1277 <H> + 2P <$+y> .
T4y r—y

From what has been proved above it follows that functions of the form

u(z,y) =Jp (JW) [03 <$ — y>p/2 + ey (z +y)p/2] , (@,y) €,

T+y r—=y

(35)

where Rep > 0, and c¢3 and ¢4 arbitrary constants, are solutions of equation (10)
in the domain ;.

Now, we will prove that the numbers (29) are eigenvalues of the problem F ),

A
In this case, we will use the functions (31). From them, we find
Upim (2,0) = dpm sin 287 J,, (pme) , @ € [0,1]; 36
(%unm (x,0) = —dpmwn, cos %:c‘len (nmzx), =€ (0,1). (36)

As non-trivial functions in the domain Q, we take functions satisfying the
equation (10) for A,, = a%m, n,m € N in the domain €y and the conditions
(36). According to the formula (35) and the conditions (36), these solutions have
the form

dnm r—y wn/2 (53 + y>wn/2
nm L) = —(=1)"4/2 - 2
Unm (2,Y) = = [m <m+y> (=1D)"\/2—qi R X

X ) {anm\/xQ — yz} , (z,y) € Q1, n,m € N. (37)
Next, from (31), we find

0 _
aixunm (07 y) = dnmwny 1an (anmy) , Y€ (07 1) .

Taking this into account, from the condition (13), we have

0 _
aiunm (07 y) = dnm‘]lwny len (7anmy) , Y€ (*1) 0) . (38)
t 9



Replacing the variables z, y with (—y), (—x), in the formula (35) respectively,
we obtain a set of functions satisfying the equation (10) in the domain € :

u(x,y) = [05 <z;i>p/2 + ¢ (z—i_i)pﬂ] Jp { Ay? — $2)} , (2,y) € Qo
(39)

where c5, cg are arbitrary constants, and Rep > 0.

Putting in (39) p = wn, A = a2, ¢5 = q1dpm/2, c6 = —q1dnm/2, we obtain
solutions of the equation (10) for A = aym, n,m € N, satisfying the conditions
(38) and upm, (0,y) =0, y € (—1,0) :

<y_x>wn/2_ <y+x)wn/2 y
y+x Yy—x
X J {anm\/yQ - :L'Q} , (z,y) € Qa, n,m € N. (40)

Now, using (31), (37) and (40) in the domain 2, we compose the following
system of functions:

q1 dnm
2

Unm ('T, y) =

dpm Sin [(% - (P) Wn] oo (anm'r) ) (x,y) € Qo;
. wn /2 n . wn /2
dyn [ql (5"~ -y va— g (22) ] x
Unm (T,7) = X Ty, |Qnm/ 2% — yQ} , (z,y) € Q1, n,m € N; (41)
qrdnm (m)w"/z _ (yﬂ)w”/Q] X
2 y+x y—x
X J, anm\/y2—x2} , (z,y) € Q2, n,m € N.

From the form and method of construction it follows that each function of

this system is non-trivial in the domain €2 and satisfies all the conditions of the

problem FE\I) for A = a2,,, n,m € N. Therefore, the numbers (29) are eigenvalues,

and (41) are eigenfunctions of the problem Fs\l).

Setting in the equation (8) A = a2,,, we find its general solution [33]:

nm?

Znm (2) = 0721/2*”@1/2,7 (Anmz) + 08211/27”71(1/2,7 (nmz), z€10,¢], (42)

where ¢; and cg are arbitrary constants, I; (x) and K (x) are the Bessel function of
the imaginary argument, and the Macdonald function of order [ [27], respectively.
Then, the functions

Unm (%yaz) = Unm (iay) Znm (Z) , n,m € N,

where Z,, (z) and upm, (x,y) are functions defined by equalities (42) and (41),
which are continuous and non-trivial in D solutions of equation (1), satisfying
conditions (2)—(5).
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4. Study of the completeness of the system of eigenfunctions

For g1 = 1 and ¢ = —1, we investigate the completeness of the system of

eigenfunctions (41) of problem Fg\l) in the domain ).

a) Let ¢ = 1. Then w, =2n+ [(-1)" — 1] /2, n € N.

Theorem 1. The system of eigenfunctions {unm (x, y)};fm:l is complete in the
space Lo (o), where upy, (x,y) is defined by the formula (41).

The proof of this theorem is based on the following lemma.
Lemma 1. The system of functions
{cos [(4n — 3) ]};2; U {sin [(4n)]};2, (43)
is complete in the space L, (0,7/2), p > 1.
Proof. Let f(¢) € L, (0,7/2), p>1and

w/2 w/2
/ f (@) cos|(4n —3) p]dp =0, / f(¢)sin(4np)de =0, n € N. (44)
0 0

Consider the second integral from (44) and rewrite it as

/4 /2
0= / f (@) sin (4nyp) dp+ / f (@) sin (4np)dp, n € N.
0 /4

Changing the variables by ¢ = (7/2) — 6 in the second integral, we have
w/4

[ 1) =1 (/2 olysin (4np)dp =0, ne .
0

Hence, after changing variables 8 = 4, we get

T 15w =0 ne

Since the system of functions {sin(nf)} ~, forms a basis in the space
L, (0,7), p> 1, then it follows from the last equality that

fe) = fl(m/2) Ilw], ¢ € [0,m/4]. (45)



Now, we consider the first integral from (44) and rewrite it as follows

/4 /2
0= / £ () cos [(4n — 3) @] dp+ / £ () cos [(4n — 3) ] dip, n € N.
0 /4

Changing the variable of integration by formula ¢ = (7/2) — € in the second
integral, we obtain

/4 m/4
/f(go)cos[(éln3)90]d<,0+/f(7r/29)005[(%/2)(4n3)9]d0, n € N.
0 0

Hense, introducing the new variable by ¢ = (7/2) — 6 in the second integral,
we obtain

w/4 /4
/ £ () cos [(4n — 3) o] d+ / (72— 0) cos[(x/2) — (4n — 3)6]d6, n € N.
0 0
Hence, by virtue of the equality (45), we have
w/4
[ £o) eos tan = 3) 6] + cos[(x/2) - (4n— 3) e} dp =0, ne N,
0

Using the cosine sum formula and the reduction formula, we find
/4 /4
0= /f(cp)cos[(4n—3)<p—7r/4]d<p: / f(p)sin[(4n —3) o+ /4] dp, n € N.
0 0

Next, making the substitution 4¢ = 0, we obtain
/f (6/4)sin [(n — 3/4) 6 + 7/4]d8, n € N.
0

It is known that, from the results obtained in the work [34], in particular, the
following statements follow.

Corollary 1. Let p € (1,400) and —% <lI<2- %. Then the system

{sin[(k + B/2) 0 + v/2]};2,
forms a basis in Ly, (0,7) (for p = 2 the Riesz basis) if and only if% > 148> %72.
12



According to Corollary 1 , the system of functions {sin [(n — 3/4) 0 + 7 /4]} >,
forms a basis in L, (0,7), p > 1. Therefore, it follows from the last equality that

flp)=0,0< ¢ <m/4
Taking this into account and equality (45), we have f (¢) =0, 0 < ¢ <7/2,
whence the assertion of Lemma 1 follows.

Proof of Theorem 1 Let F (z,y) € L2 () and

//F(:E,y)unm(:v,y)d:vdyZO, n € N.
Qo

In this integral we change the variables by formulas x = rcosp, y = rsin g,
r€0,1],

p€[0,7/2]:
0= //F(:c,y) Unm (2, y) dedy =
Qo
1 w2
= Cnm f(ry@)sin[(7/2 + @) wn] Ju, (Qnmr) rdedr =
[
1 w/2
= Cnm / rdu, (Qpmr) dr / f(ryp){cos[(4n — 3) ¢| Usin (4np)} dp, n,m € N,
0 0

where f (r,¢) = F (rcosp,rsingp).

It is known that for each fixed m € N the functions \/rJ,, (@pmr), n € N
form a complete orthogonal system in the space Ly (0,1). Therefore, from the
last equality it follows that

/2

/ f(r,¢) {cos[(4n — 3) p] Usin (dnp)} dp =0, n € N.
0

If we take this into account, then according to Lemma 1, we have f (r, ¢) = 0,
ie. F(z,y) =0 in the space Ly (). Theorem 1 has been proved.

b) Let ¢ = —1. Then w, =2n — [(—1)" + 1] /2.

Similarly to Theorem 1, the following theorem can be proved:

Theorem 2. The system of eigenfunctions {unm (v,y)},,,=1 of problem Ff\l) for
q1 = —1, where upy, (z,y) is defined by the formula (41), is complete in the space
Ls () -

13



The proof of Theorem 2 is based on the following lemma:

Lemma 2. The system of functions

o0

{sin[(4n —2) ¢]};2; U {cos[(4n — 1) ¢]};,
is complete in the space L, (0,7/2), p > 1.
Proof. Let f(¢) € Ly (0,7/2), p>1 and

w/2 w/2
[ #@sinfan -2 plde =0, [ £(e)coslian - 1)gldp =0, neN. (a0
0 0

Consider the first integral from (46) and rewrite it in the form

w/4 w/2
0= / f () sin [(4n — 2) gldyp + / f () sin [(4n — 2) gldip, n € N.
0 w/4

In the second integral changing the variable of integration by formula ¢ =
(m/2) — 6, we have

/4

/ {f(tp)—i—f(g —4,0)} sin [(4n — 2) p]dp =0, n € N.

0

Hence, introducing ¢ = /4, we obtain

][f (i) +f(g—i>} sin[(n —1/2)6]dd =0, ne N.
0

By virtue of Statement 1, the system of functions {sin [(n — 1/2) 0]} 7 | forms
a basis in the space Ly, (0,7), p > 1. Therefore, it follows from the last equality

that
flm/2) =l ==f (), ¢€[0,7/4]. (47)

Now, let’s consider the second integral from (46) and rewrite it as follows

w/4 w/2
0= / £ () cos [(4n — 1) gldp + / £ () cos [(4n — 1) gldp, n € N.
0 /4

14



Making the substitution ¢ = (7/2) — 6 in the second integral, we have

w/4 /4
/f(cp)cos[(4n—1)cp]d<p+ /f(g—é’) cos [g (4n—1)0}d0, n e N.
0 0

Taking into account the equality (47) and the formulas for the difference of
w/4
cosines, we obtain [ f (p)sin[(4n —1)0 + 7/4]dd =0, n € N. It follows that
0

/4
0 1
/f(4) sin [(n—4>9+1]d0:0, n € N.
0
According to Corollary 1, the system of functions

{sin[(n —(1/4)) 0 + (7/4)]}-; forms a basis in the space L, (0,7), p > 1, due
to which it follows from the last equality that f (6/4) =0, 6 € [0,7/4]. Taking
this into account and the equality (47), we obtain that f(¢) =0, ¢ € [0,7/2],
from which the assertion of Lemma 2 follows.

5. Uniqueness of the solution of problem F®)

First, we prove the uniqueness of the solution to problem F() for ¢; = 1.
For convenience, we introduce in the domain Dy cylindrical coordinates (7, ¢, z) ,
related to the Cartesian coordinates (x,y,z) by the formulas z = rcosp, y =
rsing, z =z (r = /x2 +y2, p = arctg(y/x)).

In cylindrical coordinates, the domain Dy goes over to the domain Dy =
{(ryp,2): 1€ (0,1), p € (0,7/2), z € (0,¢)}, and the equations (1) and condi-
tions (2) -(4) are reflected in the following form

1 1 2 -
‘/’I”T+T72V(pgo+;‘/r+‘/zz+7’y‘/z:07 (TaSDaZ) EDO? (48)
vecm)nc (Dyufre=0yU{r=13U{p=m/2}) UCR22(Dy), (49)
V(l,gp,z)zO, 906[0’71-/2]7 ZE[O,C], (50)
V(r,m/2,2) =0, re]0,1], z€[0,(], (51)

where V (r,¢,2) =U (z,y,2) = U (rcos g, rsing, z) .

Theorem 3. If there exists a solution to problem FY) and the condition
Vi (1,0, 2) sin (wpm/2) = —w,V (1,0, 2) cos (wpm/2) is satisfied, then it is unique.
15



Proof. Let U (x,y,2) [V (r, ¢, 2)] be a solution of problem F() in the domain
Do [DO} .

Using the function V' (r, ¢, z) and the eigenfunctions (41), we compose the
following function:

1 /2

Unm (2) = dnm/ / V (r, ¢, 2) 1w, (Qnmr)sin[(7/2 — @) wy]drde, n,m € N.

0 0
(52)
Based on (52) we introduce the functions

1—e2 7T/2—€1
V012 (2) = dym, / / V (r,p, 2) 1y, (pmr)sin[(7/2 — @) wy|drde, (53)

€2 €1

where €1 and 9 are sufficiently small positive numbers.
It is obvious that lim 9512 (2) = Uy (2)
£1,e2—0
Here and below, for convenience and compactness, we use the notation By =

59722 + 2+ %. Note that the notation B for ¢ > —1/2 coincides with the Bessel

z
operator introduced in [35].
Using the function (53) and the equation (48), we simplify the expression

BE_ 05 (2) -

1—eq T/2—€1

B2y 1p05e (2) = dum / / (B;j_1 /Qv) 1o, (Qmt) sin [(7/2 — @) wn]drdyp =

€9 €1

w/2—e1 [ 1—eq

= —dum / / Vet d, (Qpmr) dr | sin[(7/2 — @) wy] dp +

€1 €2

7T/2—€1 1—e2

N / / Vi, (Gt dr | sin [(/2 — @) wn] diot

€1 €2

l—eq | ©/2—€1

+ / / Ve sin[(7/2 — o) wy] dyp %an (pmr) dr p . (54)

16



Applying the rule of integration by parts from (54), we obtain
w/2—e1

# d
ny—l/Qﬁi}niQ (Z) = —dnm / { |:‘/7'an (anmr) - V%an (anmr):| r

r=1—eo

r=es
€1

1—e2

_ / V (r,p,2) (/\an - L‘f) T, (1) dr 3 sin [(7/2 — @) wy] do+

€2

l1—e2
+ / [[V;, sin [(7/2 — ) wn] + wnV cos [(7/2 — ) wa]]|2Z1/27° -
2 T/2—€1
o / Vi(r,2)sin [(m/2 = ) wn] dip %an (Qnmr)dr p. (55)

€1

Hence, passing to the limit as ¢; — 0 and g2 — 0, taking into account (49),
(50), (51) and the equalities J,, (nm) = 0, as well as the conditions of Theorem
3 and the notation (52), we obtain

Therefore, the function 9y, (z) satisfies the differential equation (8) for A =
Anm-

Moreover, due to the boundary conditions (6), it follows from (52), that the
function ¥y, (2) satisfies the following boundary conditions:

79nm (0) = flnmu ﬁnm (C) = f2nm) (56)

where

1
flnm = dnm/
0

Fr0) = fi (reos g, rsing), 1=T,3.

It follows that the function ¥, (z), which has the form (52), is a solution
of the equation (8) for A = A, satisfying the conditions (56). Therefore, sub-
ordinating the general solution (42) of the equation (8) (for A = A,;,) to the
conditions (56), we find the coefficients ¢7 and cg :

_ fonm _ Bipn (@ from 2 (@) P frn
B 61/2_711/277 (anmc) 01/2_711/2,,% (anmc) P8 T (1/2 — »7) ’
1

2
fl (1,0) 7w, (Qnmr) sin [(7/2 + @) wn] drdep, 1= 1,2, (57)

o2

cr




where K, () = 272K, (z) /T (v), v > 0.
Substituting these values into (42), we uniquely find O, (2) [Znm (2)]

Unm (Z) = Pum (z) Jonm + [K1/2—'y (nmz) — Paum (z) K1/2—7 (anmc)] finm, (58)

where P, (2) = (2/0)1/2_7 I jo—ny (anm2) [ 11 jo—y (QtmC).

To prove Theorem 3, it is sufficient to prove that the homogeneous problem
F(M has only a trivial solution. Let fi (z,y) = fao(z,y) = 0, i.e. fi(r,p) =
f (r,¢) = 0. Then f, =0, [ = 1,2 for all n,m € N. Based on this, from (58)
and (52) it follows that

1 w2
/ / V (r,p,2)rdy, (pmr)sin[(7/2 — @) wy| drdep =0, z € [0,c].
0 0

Hence, due to the completeness of the system of eigenfunctions
VT dw, (nmr), n € N in the space L9 (0,1) and V (r,¢,2) € C(Dy), it
follows

w/2

/V(r,tp,z)sin[(rr/2—gp)wn]dgo—O, rel0,1], z €[0,c.
0

If we take into account the completeness of the system of eigenfunctions
{sin[(7/2 — p)wp]}re; in the space Lo (0,7/2) and V (p,¢,2) = U (z,y,2) €

C (DO) , then from the last equality it follows that V (p, p,2) = U (z,y,2) =0 in
Dy.

Using this equality and U (z,y,2) = V (p,¢,2), it is easy to verify that
U(z,40,2) =0, z € [0,1], z € [0,¢], Uy(z,40,2) =0, z € (0,1), z €
(0,¢).

Then, due to the conditions (2), the equalities are true

U(z,-0,2) =0, z€[0,1], z€[0,¢], Uy(z,-0,2) =0, z € (0,1), z€(0,¢).
(59)
It follows from Problem 2 that the solution of equation (1) in the domain Dy
satisfying the conditions (59) and (6) (with fi (z,y) = fa (z,y) = 0) is identically
equal to zero, i.e. U (x,y,2) =0, (z,y,2) € Q1.
Taking into account U (+0,y,2) = 0, y € [0,1], z € [0,¢], U, (+0,y,2) =
0, y € (0,1), z € (0,¢) and using the conditions (4), (5), (6) (for fi(x,y) =
fa(z,y) = 0), as well as the solution of Problem 1 in the domain D2, we have
U(z,y,2) =0, (z,9,2) € Q2. Theorem 3 has been proved.

The uniqueness of the solution to the problem F(!) for ¢; = —1 is proved
similarly.
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6. Construction and justification of the solution to problem F®)

Let ¢; = 1. Using the function (41) and (58), we construct solutions to the
problem F(!) in the form

Z Z U(O) ($7y72)7 (l‘,y,Z)EDO, n7m€N7

n=1m=1

Uw,y,2) =4 > 3 Ubn(z,y.2), (2,9,2) € D1, nymeN, (60)
n*lm*l
S 5 U (@y.2), (2,9,2) € Da, mym e N,
n=1m=1
where
Ur(zgr)L (x,y,z) = Rnm (7") @, (90) Unm (Z)v (61)
d z—y\* T+ 2
(1) Anm Yy (1) Y S22
(62)
d —x wn/2 +x wn/Q
(2) _ Gom | (Y _ (Y /o 2
Unm (xayaz) 9 <y+$> <y—x> an |:05nm ) x :| ﬁnm (Z)7
(63)
)

Py, (¢) s Rom (r) and Jpm (2) are defined by the equalities (27), (30) and (58
respectively, and J, (z) is the Bessel-Clifford function [36]:

_ > (—z2/4)j

() =Tw+1)(z/2 " T, (2) = ~—1 1 4

@) =T+ (/2™ 1) =Y (64

J=0 J

The function J, (z) is even and inﬁnitely differentiable. In addition, the equality
J,, (0) =1 and the inequality |J, (z)| < 1 hold for v > —1/2.

Theorem 4. Let v € (—o0,1/2) and functions fi (z,y) = f1(r,¢), f2(z,y) =
f (r,¢) satisfy the following conditions:
L fi(r.p) € Crf (TT), 1 =T,2, where = {(r,¢): 7€ (0,1), p € (0,7
II. (8% /0% fi (r,m/2) = 0, (0% /8¢") fi (r,0) =0, j =0,3, k = 0,6, | =

I (87 /0r7) fi(1,¢) = 0, (9¥/0r*) fi (0,9) =0, j = 0,2, k =10,3, | =
1,2.

Then the solution of the problem FV) ezists and is defined by the formula
(60).

Before we proceed to the proof of this theorem, we prove some lemmas.
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Lemma 3. For sufficiently large n € N and m € N, the following estimate holds:
[ Tunt1 ()| 2 e (Cnm) ™2, (65)

where cg 1S a positive constant.
Proof. Since ap,;, are the zeros of J,, (r), the equality

f rJ (pmr) dr = Jw +1 (nm) /2 is true. It follows from the latter that

1

sznﬂ (anm) = 2/71]3 () dr =
0

(66)

By virtue of the asymptotic formula of the Bessel function for sufficiently
large values of argument [37]

5 () ~ (é) cos (¢ - 7= 7Y, (67)

there exists some suﬂiciently large number ¢y > 0 such that for £ > ¢y the equality
£J? 1/2—a &) ~ sm (5 + ‘”) Then, if we assume that c,,, is a sufficiently large
number and oznm > 2(cop+ 1), then

QOnm QAnm Qn

[ ©d> [ er ©aen? [ oo (e- %7 - T)ae -
0 €0

co
(0% co + sin (w,,m (6% Cp) S1InN (& C (0% .
nm 0 n nm 0 nm 0)] = 2 nm

If we take this into account, then from (66), the estimate (65) follows. Lemma
3 has been proved.

Taking into account the estimate (65), we obtain |dp,| < cloa}ﬁ, where
c19 = const > 0.

Lemma 4. For the function Ry, (r), defined by equalities (30), the following
estimates hold for r € [0,1]:

1/2
) <1
| R, (7)] g{ C11Gmm, - Cnm™ (68)
c12, Qpmr > 1,
d c w2a1/2 opmt < 1;
r— TR, r < 11Wy, Enm,y nm ) 69
d’r( ”m())‘_{clg‘w%a%mTQ , Opmm > 1. (69)

where c11, c12 are positive constants.
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Proof. 1t is known that for sufficiently large values of the arguments of the
Bessel function of the first kind, the asymptotic formula (67) is valid, and for
small values of the arguments [37], we have J, (§) = STNIEmE

Taking these formulas into account, we write the function Jy, (um,r) in the
form

(anmr)wn
29n T (wn+1)
Jos, (1) = ( 2w

TQnpmT

QT < 1;
(70)

2
) cos (anmr — —“’g” — %) , Ot > 1.

Taking into account (65) and (70) from (30), we obtain the estimate (68).
It is known that the function Ry, (r) satisfies the equation (18) with

A= A = a2, and w = w, It follows that ri (rR, (r) =
— (a2,,7* — w2) Rym (r) . Then, by estimate (68), estimate (69) holds. Lemma 4

has been proved.

Lemma 5. The following estimates hold for the functions (27)

1, (9)] < 2/, |8, ()| < 2wn/V/7, | B ()| < 202 /\/7. (71)

The validity of the estimate (71) easily follows from the property of trigono-
metric functions.

Lemma 6. For any n,m € N and Vz € [0,c], the functions Opy, (2) defined by
(58) satisfy the estimates

wnm (Z)’ < 2 |f1nm‘ + ’f2nm| ’ §—1/219nm (Z) < O‘im (2 |f1nm| + |f2nm‘)' (72)

Proof. Tt is known [36] that if v = const > 0, then

K, (t) <1, K, (0)=1. (73)

Since z € [0, ], and 7;1/2*“711/2_7 (atnmz) is an increasing function [27], then

P ()] = |22 Doy (@) [ [ gy ()| [ <1 (74)

From the equality (58), according to (73) and (74), the first estimate from
(72) follows.

As was shown earlier, the function ¥,,, (z) satisfies the equation (8) for A =
Anm- Therefore, the equality B§_1 /219nm (2) = MumUnm (2) . Hence, by virtue of
the first estimate (72), the validity of the second estimate from (72) immediately
follows. Lemma 6 is proved.
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Lemma 7. Let the conditions of Theorem 4 be satisfied. Then, for the coefficients
Jinm, 1 =1,2, defined by equality (57), the following estimate holds:
clgw*3*€3a_3 5_64, Qnm? < 1;
c 4w_3 53a_4 4 apmr > 1.

where c13, c14 are some positive constants, and €3 and €4 are sufficiently small
positive numbers.

Proof. The coefficient fi,m,, [ = 1,2 is represented in the form

flnm =dpm | Fin (T) Tan (Oénmr) dr, (76)

o —

w/2
where Fy, (r f fi (r, @) sin[(7/2 — @) wn) de.

First, con81der the function Fy, (r) and rewrite it as

i (r) = / fi(r ) dc; feos [(7/2 — @) wn]} dep.

Wn

Applying the rule of integration by parts four times, from the last, we obtain

1 - p=m/2
Fin(r) = =i (ro o) cos[(n/2 — )l +
n =0
+ o fitrpsin[(3 - o)) :_0 i eos[(3 - o)) :0+
L i ](F- ) :0 L frereos[(Z—¢) ::0
+oiqgf;ﬁ<w)m[(g—@)“ﬂ 1 Sahows[(5-0) e ;



By the conditions of Theorem 4, the terms outside the integral in the last
equality are equal to zero. Therefore,

E, (r)= /8 7fl ryp)cos[(m/2 — o) wy] dp. (77)

From here, based on the first part of Theorem 4, we conclude that the integral
in (77) exists and Fy, (r) € C'[0,1].
Since the function (07/9¢") fi (r, ) with respect to the variable ¢ is contin-
uous on [0,7/2], then, opplying Riemann’s lemma [39] to (77), we have
w/2

lim /8 7fl (ryp)cos[(m/2 — ) wp] dp = 0. (78)

n—oo
Now, let us consider the coefficient f,,,, defined by the equality (76).

Using the equality rJ,, (pmr) = %% [Pn 41 (anmr)] , we write the
coefficient fi,,, as

r)r-“nd [TW"HJMHH (oznmr)] .

flnm ==
(879

Applying the rule of integration by parts, from the latter we obtain

dnm
flnm = 047 En( )TJw +1 (Oéan‘)|T (1)
1
_m / T 11 () 4 [r*“’"Fl (7")] dr (79)
Qe wn+ nm dr n .
By virtue of equality
,r.2wn+1 d

wn+1an+1 (Qnmr) = —

Crum % [Tﬁ ann (aan)] )

we rewrite (79) in the form

dnm

flnm = Fy, ( )ern+1 (Oéan‘)|T 0 +

1
dpm d . _ _
+ % /r2“’"+1dT [T’ “n (7“)] d [7’ wann (O‘nmr)] :

m
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Hence, applying the rule of integration by parts once again, we have

dpm r=
flnm = Fin (T) Tan-f-l (anmr”r:(l) +
d r=1
nm w1 —wn
+ozT Jion (QnmT) ar [T Fr, (T)] - -

1
_ d p2wn 1 d . _
“n w nm wn 5 wnFn .
/ Juw, (Qnmr) — d’r = [7“ ] (7“)] dr
0

Continuing this process, i.e. applying the rule of integration by parts two
more times, we have

d _
Jinm = anl TJuwn+1 (Qnm?) Fin, (7’)|Z;é +

nm

r=1

dnm wn+1 —Wn
"‘a%m 0 S () ar [T Fin, (T)] o -
dnm —w d 2wn+1 d —Wn =t
dnm wn+1 d —2wn—1 d 2wn+1 d —Wn =t
_ 4 i, (QpmT) e e a [r Fy, (7")} L +

1
d d d d
—wan i an—i—li —2wp—1 "% 2wnp+1 —wnFn d .
/ n (Qnmr) 0 dr drr drr dr [r ! (T)] "
0

(80)
By virtue of J,,, (anm) = 0 and the conditions of Theorem 4, the terms outside
the integral in (80) are equal to zero. Hence,

dnm
flnm =

4
Qpm,

1
d d d d
/T_W"an (QtnmT) $r2w"+1%7“—2w"_1%7’2“”+1% [T_W"Fln (r)] dr.
0

Using function expansion

o @ o1 @ oy 1 d o9y d o I
Wn, Wn, Wn, Wn, Wn, n ,
drr drr gfr dr [T ! (T)]

r



it’s easy to see that

flnm =

1
sz /TJW" () [wp (wh —4) 17 Fip (1) + (207 + 1) 12 F, (r) —
nm 0

— (2w +1) 2 () + 20 F () + B (r)} dr. (81)

n n

From here, based on the conditions of heorem 4, it follows that the expres-
sions in square brackets belong to the class C (f[) . Taking this into account and
Jw, (anmr) € C'[0, 1], we conclude that the integral in (81) exists. In addition, we
have obtained an analogue of the property of integrals containing trigonometric
functions (see formula (78)) [39], i.e.

1
lim [ rJ,, (apmr) [wi (w2 —4) r 4y, (r) + (200721 +1) r O F, (r) -

m—00 n
0

— (2w2 + 1) r2F, (r) + 2r T F) (1) + Fl(4) (r)} dr = 0. (82)

In n

Hence, taking into account (77) and the form of the coefficient d,,,, we have

1 w2
1 B o
Jinm = ol / / R (1) @7, () [wfb (W2 —4)r 34 (22 +1)r 25_
0? o3 ot 9% -
(9,2 19 5,0
(2w + 1) 7 52 + 287"3 + Tawl] a5 f1(ry o) dedr. (83)

By the hypothesis of Theorem 4, we conclude that the integrand in (83) is
continuous in II, and the iterated integral in (83) exists.

Taking into account the estimates (68), (71), (78) and (82) from (83), we
obtain the estimates (75). Lemma 7 has been proved.

Based on (75), the estimate (72) can be rewritten as follows

—3—e3 ,,,—3.5— .
9 < | aswy SBaP T, g < 1 84
‘ nm (Z)’ — —3—e3 ., —4—¢4 1 ( )
CleWy, Qpm 55 QumuT > 1,
—3—e3 0 —1.5— .
B 9 < 4wy SBan,? T, g < 1 35
y—1/2Vnm (2)] < —3—e3 0, —2—¢4 (85)
C16Wy, o, g > 1.

where c15 and cg are positive constants.
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According to [27], for sufficiently large m, for the mth positive root of the
equations J,,, (z) = 0, the relation oy, ~ 7 (m + w,/2 —1/4) holds.

For sufficiently large n, we have w, = 2n. Then, for sufficiently large n and
m, G 1s equivalent to 7 (m +n).

Proof of Theorem 4. To prove the theorem, it is sufficient to prove the uni-
form convergence of the series (60) in D, and also of the series r [%TVT (r,p,2)],
Vs B§—1/2U7 Uzz, Uyy, in any compact K C Do U Dy U Ds.

According to the estimates (68), (71), (84) and the relations w, ~ 2n, qum ~
7 (m + n) > mm, the series (60) in the domain Dy are estimated by the following
products of numerical series

00 00
cr Y. n37Es > m 37 apmr < 1,

no:ol m;l (86)
cig Y. n 737 Y mTiE e > 1,

n=1 m=1

where c17 and c1g are positive constants.
According to the estimates (68), (69), (71), (84), (85) and the relations w,, ~
2n, apm ~ m(m+mn) > wm, the series r [%TVT (r,¢,2)], Vi and BZ_ ),V in

the region Dy [f)o] are estimated by the following products of the numerical

series, respectively

o oo
clo S nTE S mT3 A e < 1
n=1 m=1

€20 [Z n-l-es > m 44 > n—3-es > m=2E | e > 1,
n=1 m=1 n=1 m=1
oo oo
C21 E n~1mes E m 37 QT < 1,
nO*ol mogl (88)
c2o S nTITE S mTAiE e > 1,
n=1 m=1
oo oo
co3 > n 33 > mITE e < 1,
n;l mojl (89)
coq Y, n 33 > m=27% e > 1,
\ n=1 m=1

where ¢;, j = 19,24 are some positive constants.

Since both factors of the numerical series in (86)-(89) converge, the series (60)
converge absolutely and uniformly in Dy, and the series r [%TVT (r, p, z)] s Voo
and B§_1 /2V converge on each compact K C Dy.

Now consider the series (60) in the domain D;.
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Let apmé < 1. As € we can take any function from the interval (0,1). Then,
by (70), the function (62) can be written as

w
dnm Oy,

T 290 HIT (w, £ 1)

Usir (2,9, 2) [(z = p)* = (=1)" (& + )" Vnm (2) . (90)

In the region Q1, the following estimates hold:
0<xr—y<1l, 0<x+y <1,

[(z =) = (=1)" (@ +y)*"| < [z =) " + (z +y)*"| < |z —y + oz +y[ < 2%,
/

By virtue of these inequalities, as well as the estimate |dpy,| < cloa}m% and
(84), we estimate the function (90):

U (@,9,2)] < eas0lf2 (@nma) ™ w0035 < eao a8, (91)
where co5 is a positive constant.

By the estimate (91) and the relations wy, ~ 2n, apm, ~ 7 (m +n) > mm, the
series (60) in the domain D; is uniformly convergent by the Weierstrass M-test
[38].

Let apm& > 1. Then by the estimate (70) and the relations w,, ~ 2n, aum, ~
m(m+n) > mm, and also the estimate |dp,| < cloa%g and (84), the function
(62) is estimated as }UT(L}% (z,y, z)‘ <p3TEsm e,

Here, also according to the Weierstrass M-test, the series (60) in the domain
D is uniformly convergent.

Similarly, we prove the uniform convergence of series (60) in the domain Ds.

Here, for apmé <1 (0 <& < 1), we have that

Wn,

dnm Qpm, wn, Wn,

Due to these inequalities, as well as the estimate |dym| < c1o0mh and (84),
we estimate the function (90):

2 1/2 n, —3— —3.5— —3— —3—
U7(m2L (‘Tv Y, Z) < CQGan?ﬂ (_anmy)w Wp, 63anm < C26Wn, Esanm . (92)

where cogis a positive constant.

By virtue of the estimate (92) and the relations w, ~ 2n, apm ~ 7 (m +n) >
7mm, the series (60) in the domain Dy is uniformly convergent by the Weierstrass
M-test.

The estimate for the function (63) is proved similarly for ay,,& > 1.
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A similar method is used to prove that the functions U, and Uy, in the
compact K C Dj U Dy are estimated in absolute value by the following product

of numerical series
o o
6272 :n—l—ag E m—3—84’ (93)
n=1 m=1

where co7 is a positive constant.

Both factors of the numerical series in (93) converge, then the series U,, and
Uy, converge absolutely and uniformly on each compact K C D;UD5. Therefore,
the function U (x,y, z), defined by the series (60), satisfies all the conditions of
Problem F(!). Theorem 4 is proved.

The existence of a solution to the problem posed for ¢ = —1 is proved
similarly. This completes the study of Problem F(1),
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