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Determination of source terms in a time-fractional
parabolic equation via nonlocal measurements
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Abstract. This paper addresses the determination of source terms in a time-fractional
parabolic equation using nonlocal measurement data. To this end, the original problem is
first transformed into an equivalent formulation with prescribed data and the equivalence
between the two problems is rigorously established. Using the Fourier method, the
solution of the resulting auxiliary problem is expressed as a system of integral equations.
The contraction mapping principle is then applied to prove the existence and uniqueness
of the solution to this system. Finally, based on the established equivalence, sufficient
conditions ensuring the existence and uniqueness of the classical solution to the original
inverse problem are derived.
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1. Introduction

Fractional differential equations generalize ordinary and partial differential
equations to arbitrary fractional orders. Currently, the theory of fractional cal-
culus has become an essential tool in numerous branches of contemporary sci-
ence. In recent decades, both direct and inverse boundary value problems for
time-fractional parabolic equations have garnered significant attention from re-
searchers. The inverse boundary problem for time-fractional parabolic equations
has broad applications, particularly in systems where memory effects and anoma-
lous diffusion play a key role. For example, in many physical systems, heat or
mass transfer can exhibit anomalous diffusion, which is effectively modelled by
fractional differential equations. The inverse boundary problem helps determine
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unknown parameters, such as the source term or boundary conditions, in systems
of fractional order. This approach is especially valuable for modeling materials
with memory or systems in which heat or mass diffuses more slowly than pre-
dicted by classical diffusion laws.

It is obvious that the inverse boundary value problems for parabolic equa-
tions of integer order have been widely studied using various methods and with
different boundary conditions (e.g. [3, 4, 7, 10, 11, 13, 14, 15, 17, 18, 19, 23, 24]
and references therein). However, inverse boundary value problems for fractional-
order parabolic equations have been studied relatively little (e.g. [1, 2, 5, 8, 9, 12,
16, 21, 22, 25], and so on). We briefly review previous studies concerning inverse
boundary value problems for time-fractional parabolic equations. The paper [2]
considers a nonlocal inverse problem of Bitsadze-Samarskii type for a degenerate
fractional-order parabolic equation and proves the uniqueness and existence the-
orems for the solution to the considered inverse problem. The global theorems on
the existence and uniqueness of the solution to the inverse coefficient problem for
a fractional diffusion equation with initial nonlocal and integral overdetermina-
tion conditions were proved by Durdiev and Rahmonov [9], the authors Ismailov
and Cigek [12] consider the inverse problem of recovering the time-dependent
source term in the time-fractional diffusion equation and establish theorems on
the existence and uniqueness of the solution. A class of inverse problems in-
volving the restoration of the right-hand side of a fractional heat equation with
involution is considered in [25], and results on the existence and uniqueness of
solutions to the problems are presented.

It should be noted that the problem statement and the proof techniques used
in this paper differ from previously published works. More precisely, the technique
used here is based on transforming the original inverse problem into an equivalent
one, studying the solvability of the equivalent problem, and then transitioning
back to the original problem.

2. Mathematical formulation of the problem

Let 0 <T < 400 be a fixed time moment, and D7 be the rectangular region
defined by the inequalities 0 <z < 1 and 0 <t <T. We consider the problem of
finding a triple {u(z,t),a(t),b(t)} such that the components satisfy the following
time-fractional parabolic equation:

CDgu(z, t)+ = Ugs(z, ) + a(t)u(z, t) + b(t)g(z,t) + f(z,t) (z,t) € Dp, (1)
with the initial condition

u(z,0) = ¢(x), 0 <z <1, (2)
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the periodic condition
u(0,t) =wu(l,¢t), 0<t<T, (3)

the nonlocal integral condition
1
/uxtd:c—O 0<t<T, (4)
0

and the overdetermination conditions
u(zi,t) = hi(t), i=1,2; 0<t<T, (5)

where x; and zy are known distinct internal points of the segment (0,1);
f(z,t),g(x,t), h1(t) and ho(t) are given functions, and “Dgu(z,t)) is Caputo-
type fractional derivative of u(x,t) defined by the formula

or t—T)O"

¢
0
“Dyul(z,t) 1 — ) / wz,7) ae (0,1).
0

The notation I'(«) in the last equation represents the Euler gamma function.

Definition 1. The triple {u(z,t),a(t),b(t)} is said to be a classical solution to
problem (1)-(5), if the functions u(z,t),a(t) and b(t) satisfy the following condi-
tions:

i) The function u(x,t), and the derivatives © D§u(z,t) and uzq(x,t) are con-
tinuous in Drp.

it) The time dependent functions a(t) and b(t) are continuous on the interval
[0,77].

i11) The equation (1) and conditions (2)-(5) are satisfied for the functions
u(z,t), a(t), and b(t) in the usual sense.

The following theorem is valid.
1 1
Theorem 1. Assume that f(z,t),g(z,t) € C(Dr), [ f(z, = [g(z,t)dx =
0 0

0,0 <t <T, Y Dghi(t) € C[0,T] (i =1,2), h(t) = h1(t)g(za,t) — ha(t)g(x1,t) #
0, 0 <t <T and the compatibility conditions

1
/ o(a)de = 0, (6)
0
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h1(0) = ¢(xi) (i =1,2), (7)

holds. Then the problem of finding a classical solution of (1)—(5) is equivalent
to the problem of determining the functions u(x,t),a(t) and b(t), satisfying the
equation (1), the conditions (2), (3), and the relations

ug(0,t) = ugy(1,t), 0 <t <T, (8)
CDGhi(t) = e (s, ) +a(t)hi(t) +b() gz, t) + f (i, 1), i =1,2, 0 <t < T. (9)

Proof. Let {u(x,t),a(t),b(t)} be a classical solution to (1)—(5). Integrating
equation (1) from 0 to 1 with respect to x, we find

1
¢pg, / w(, )de = up (1) — un(0, )
0

1 1
/ua:tdm+b )/ dx+/fxtd:z 0<t<T. (10)
0 0

Taking into account the equality

1
/f Z/g(ar,t)dxzo,ogtg:r,
0

we arrive at (8). Setting x = z; in Eq. (1), the procedure yields

CDSu(xi,t) = Uge(i, t) + a(t)u(a;, t)
+b(t)g(xi,t) + f(zi,t), i=1,2, 0<t <T. (11)

Since © D&, hi(t) € C[0,T] (i = 1,2), by virtue of overdetermination condition
(5), we get

CDSu(zi,t) =C Dghy(t), i =1,2, 0<t <T. (12)

Consequently, taking into account (5) and (12), we arrive at (9).
Now assume that the triple {u(z,t),a(t),b(t)} is a solution to the problem
(1)—(3), (8), (9). Then from (10), taking into account (3) and (8), we obtain

1 1
CDg‘t/u /uxtda: 0<t<T. (13)
0 0
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By (2) and (9), it is easy to see that

1 1
/u(x,O)dx = /cp(x)da: =0. (14)
0 0
Since problem (13), (14) has only a trivial solution, it follows that
1
/u(m,t)dw _0(0<t<T),
0
i.e., condition (4), is satisfied.
Next, from (9) and (11), we find
DS (u(zs, t) — hi(t)) = a(t)(u(zi, t) — hi(t)), i =1,2; 0 <t < T. (15)
By virtue of (2) and the compatibility condition (9), we have
u(:U,-, 0) - hz(O) = (,0(33‘2) - hl(O) = O,i = 1, 2. (16)
From (15), taking into account (16), it is clear that condition (5) is also
satisfied.
3. Classical solvability of inverse boundary value problem
It is known that [6] the following sequences of functions
1,cos Ajx,sin Az, ..., cos A\px, sin Az, ... (17)
forms a basis in L2(0,1) for A\, = 2k7 (k=0,1,...).

In fact, since the system (12) forms a basis in L2(0, 1), then each solution to
problem (1)—(3), (7), (8) can be sought in the form:

u(x,t) = Z u(t) cos Az + Z ugk(t) sin \gz, X\ = 2k, (18)
k=0 k=1

where

1
wn(®) = [ ue.tyds
0
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1 1

uip(t) = Z/U(x,t) cos A\gxdr, ug(t) = Q/u(:n,t) sin \gzdz, k=1,2,....
0 0
Further, using the formal scheme of the Fourier method, from (1) and (2), we
get

D uro(t) = Fio(t;u,a,b), 0 <t <T, (19)
©DSuin(t) + Myuin(t) = Fip(tiu,a,0), i=1,2, k=1,2,..., 0<t < T, (20)
uzk(o) = pik, 1 =1,2, k=0,1,2,..., (21)

where

Fip(t;u,a,b) = fir(t) + b(t)gix(t) + a(t)ui(t), i =1,2, k=0,1,2,...,

1 1
f1o(t) /f x,t)dzr, gio(t) = /g(w,t)dx,
0 0
1 1
fie(t) = 2/f(x,t) cos \gxdz, for(t) = 2/f(:v,t) sin \pzdz, k=1,2,...,
0 0
g(x,t)sin \gzde, k=1,2,...,

g1x(t) =2 [ g(x,t) cos \pwdz, gor(t) = 2

o _
o _

1 1
Y10 = /@(J,‘)dfl}, v1k(t) = 2/@(33) cos A\pzrdx,
0 0

1
por(t) = 2/¢(x) sin \pzdx, k=1,2,....
0

Solving the problem (19)—(21), we arrive at
) t
uio(t) = p10+ =~ (o) / (t — 1) Fio(7;u,a,b)dr, (22)
0

wik(t) = @it Ba(—Nit®)

+/(t—7)a1Ea,a(—AZ(t — 7)Y E(r5u,a,b)dr, i =1,2, k=1,2,..., (23)
0
whereas E,(—A:t%) and Eq (=i (t — 7)%) are Mittag-Leffler functions.
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Definition 2. [22] The generalized Mittag-Leffler function is defined by

Z zeC,
k:or ak‘—h@’

where a > 0 and 8 € R.

Remark 1. [16/ Let 0 < o < 2, and 3 € R be arbitrary numbers. If ¥ < p <
min{r, ra}, then there exists a constant Cy g that

|Eap(2)

< <.
<722 s rg(a)| < @

Substituting the expressions ug(t) (k = 0,1,...) described by (23) into (18),
to determine the first component of the solution (1)—(3), (8), (9), we have

t
u(x,t) = / YL Fo(1;u, a,b) dT+Z{<p1kE (=AZt)

) By o (=2 (t — 7)) Fup(T;u, a, b)dT 3 cos Az

+
o\“

+ 3 {pawBa(=Xit?)

+ [ (t— T)O‘*lEa@(—)\i(t — 7)%) For(T;u,a,b)dT » sin Agz. (24)

o

Now, from (9), taking into account (18), we get

a(t) = [h()] (DA (1) = f(w1,0))9(w2,t) = (“Dgiha(t) — f(x2.))g(w1,1)

+Z)\ku1k g(xa,t) cos \gx1 — g(1,t) cos Apz2)

+ Z Mgy (t) (g(x2, 1) sin Az — g(z1,t) sin )\kxg)} , (25)

b(t) = [h(t)] " {h1(t)(C Disha(t) — f(a2,t) — ha(t))(C Dby (t) — f(21,1))



+ Z )\kulk
+ Z Aku%

where

h(t) = hi(t)g(z2,t) —

Substituting expression (23) into (25) and (26), we obtain

a(t) = (M) H(“ DG () —

) cos A\gxa — ha(t) cos Agx2)

) sin Ao — ho(t) sin >\k$1)} ,

f@1,1))g (22, t) —

hg(t)g(ﬂ:l,t) 75 O, 0 S t S T.

(“Dgiha(t) —
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f(xg, t))g(xlv t)

016 Ea(

)4 lEma(—)\i(t — 7)) Fig(T5u,a,b)dr

e fes

00
DX
k=1

x(g(z2

00
2N
k=1

X(g('r%

b(t) = [h(t)] " {h1 (t)(“ Dg,ha(t) —

e fies

016 Ea(

00
DX
k=1

X (h

oo
+> N
k=1

QOZkEa(_)‘%ta) +

(pnga(—)\zta) -+

0

,t) cos \gx1 — g(x1,t) cos Apxa)

—

t)sin Az

~ o

— g(z1,t) sin Agza)},
f(z2,1))

0

1(t) cos Agxa — ha(t) cos A\gxy)

o _

X (hy(t)sin Agxe — hy(t)sin Agzy)}.

The following lemma is proved similarly [20].

Lemma 1. If {u(x,t),
functions

a(t),

(t— T)O‘_lEma(—)\i(t — 7)) For(T5u,a,b)dr

— ha(t)(C Dy (t) —

)T 1Eoéoé( )\i(t — 7)) Fii(T;u,a,b)dT

(t — T)O‘flEa’a(—)\i(t — 7)) Fop(T; u, a,b)dr

(28)
f(x1,t))

(29)

b(t)} is any solution of (1)—(3), (8), (9) then the

u10 (t)

1
= /u(x,t)da:,
0
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1 1
upg(t 2/u x,t) cos Agrdr, ugk(t 2/u x,t)sin \gxdzr, k=1,2,...,
0 0

satisfy the system (22), (23) on the interval [0,T].

Corollary 1. By Lemma 1, we may assert that proving the uniqueness of the
solution to problem (1)—(3), (8), (9) reduces to proving the uniqueness of the
solution to system (24), (28), (29).

In order to study the problem (1)—(3), (8), (9), we consider the following
functional spaces: Let BS,T denote the set of all functions of the form

Z uk(t) cos Apz + Z ug(t) sin Agz, A = 2k,

considered in domain Dp, whereas the functions wix(t) (k = 0,1,2,...) and
ug(t) (k=1,2,...) contained in the last sum are continuous on [0, 7], and

[N
[NIES

lu10 (D)l o,y + (Z (AR Hulk(t)llcm,n)g) + (Z (AR Hqu(t)”C[O,T])2> < +oo.

k=1 k=1

In the space B;’,T, the operations of addition and scalar multiplication are
defined in the usual way, and the norm is given by the formula

. )13 = oo (®) ooy

+(Z()‘zuulk(t)“C[o,T]>2> +< (/\iIU%(t)HC[o,T])Q) :
k=1

k=1

Furthermore, let E% denote the space consisting of the topological prod-
uct B3 x C[0,T] x C[0,T], which is the norm of the element z(z,t) =
{u(zx,t),a(t),b(t)} defined by the formula

lz(z, Dl pg . = lu@, Dl pg . + la@®llcor + 16l o, -

It is known that the spaces BST and E% are Banach spaces.
In the space E% we consider the operator

®(u,a,b) = {P1(u,a,b), P2(u,a,b), P3(u,a,b)},
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where

o
& (u,a,b) = u(x,t) Zulk COS AT + Zﬂgk(t) sin A\,x,
k=1

By (u, a,b) = a(t), s(u,a,b) = b(t),

and the functions 0(t), @ (t) (i = 1,2;k = 0,1,2,...),a(t) and b(t) are defined
by the right-hand sides of (22), (23), (28), and (29), respectively.
It follows that
2 1
‘Ea(—)\ t )‘ S W, M1 = const Z O,
My

<M g<r<t, My=const>0,
‘_1+)\i(t—7-)a =T=h e

| Ea(=AR(t = 7)%)

|9(a, ) cos Apzr — g1, t) cos Apa| < llg(a2, )| + |9(z1, [l 00,1y = P1(T),

|9(2, 1) sin Agzy — g(z1, t) sin Apaa| < [[|lg(@2, 1) + [g(z1, D)l cpo,r) = P2 (T),
|ha(t) cos Az — ha(t) cos Aez1| < [[[ha(8)] + [h2()|l| oo 7 = p2(T),
|h1(t) sin Agzg — ho(t) sin Agzr| < [[[ha(D)] + [h2(t)|l| oo 77 = p2(T).

Consequently, we obtain

[e7

- T
@10l 0,71 < ler0] + oT(a )[||a( Nero,r lw0(@) e

+ 6@l 0,21 1910l 0,77 + 110l 00,19 (30)
~ 3 ~ 3
(Z A N ()]l o )2> < 2M, (Z (A} |50ik|)2>
k=1 k=1

27 M. > :
T - [(Z(A%fik(t)C[O,T])2> +

k=1
] ) (31)

(ST

+ la®llcpom (Z A (i (¢ HCOT])2>

k=1

N[

+[16() | 0,77 <Z (A7 [lgan(2) ®)llej0,77) )
k=1



208 E.I. Azizbayov, Y.T. Mehraliyev

la®)llcro,r < H[h(t)]_lucm,T]

<{[|(“ Dgha(t) — f(a1,t))g(x2, t) — (CDgsha(t) — f(w2,))g(z1,1t) e

(D ) @S |an (zuzmw)Q
1

=1
(Z M fix®ll oo.m) ) + lla®)ll o, (Z (A} ’uik(t)|C[O,T})2>
=1

Mw

NI= ~.
Il

k=

+116()| 0,17 <Z (A} Hgik(t)”C[O,T])2> ” } : (32)

k=1

SIS —

E(t)HC[Oﬂ < H[h(t)]ilHC[O,T]

x| (8)(CDgha(t) — f(a, 1)) — o) © Db (8) = F(1.0)] oz

(zA )ZQT " (zuzmw)z’

k=1

Mw

=1
e (kz O 1Ol ogorr) ) T la® g (; (A,§|uz-k<t>|cm>2>
=1 —
+16() 0,7y <Z (A Hgik(t)||C[O,T])2> ” } (33)
k=1

Suppose that the following conditions hold for the data of problem (1)—(3),

(8), (9):

Hy) o(x) € C?[0,1], ¢"(x) € L:(0, 1),
0(0) = ¢(1),£'(0) = ¢'(1), ¢"(0) = ©"(1);
Hs) f(z,1), fo(z,1), fou(2, 1) GCQ(DT) faza(@,t) € C([0,T7; L2(0, 1)),
f(0,8) = f(1,1), f2(0,1) = fa(1, 1), fax(0,8) = fou(1,1), 0 <t < T
HB) g(x,t),gx(l‘,t),gm(w, ) € 02 DT) g:r:]ca:(l‘ t) € C([ ]aLZ(Oa 1))7
9(0,t) = g(1,1),92(0,t) = g2(1,1), gz (0,t) = guu(1,%), 0 <t < T
Hy) hi(t), ©Dghi(t) € C0,T), i =1,2,
h(t) = hi(t)g(xa,t) — hQ(t) (21, ) #0, 0<t<T.
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Then, from (30)—(32), respectively, we obtain

la(z, )l gz . < AUT) + Bu(T) la®)ll oro,my llulz; )l g3 . + D1(T) 6l cpo,1)
(34)
la@lcpo,r) = A2(T)+B2A(T) [la®)ll oo, ul@, Dl gz, +Da(T) [Io) o,y » (35)

5O .5, < A3+ BT Nl cpory It Dl g, +Ds(T) 6 cpo - (36)

where
AT) = 120 + 77 1@ Do |
+4M, HSO”/(@HLQ(OJ) % H”f”“’(x Dllz, Ol)HC[OT
By(T) = afg;) QTZMQ,
Dy(T) = ., OI)HC[OT A M2 H”gmx(:ﬁ Ol L0, 1)HC[07T]7
= ||[1(?) ]_IHC[O,T]

<A (CDGhn(t) = f(w1,0)g (2, 1) = (CDgiha(t) = f(wa, )91, )| oo 1y
<Z)\ ) p1(T)
0 oo Mo | )

By(T) = H[h(t)]_IHC[O,T} pi(T (Z)‘ ) = M2

x <M1 " @ pyo + =2

1

Do(T) = [ .11 21 (T) ( Aﬁ)

k=1

27T M,

[T .

A3(T) = H[h(t)]_lHC[O,T]

x<{[[h(0)(C Dgiha(t) = f (2, ) = ha(t)(“Dgiha(t) = £ (@4, )| oy

1o ( 3 Aﬁ) " po(T)
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MMMAmtmLNnALmﬂ>},

IR | oy P2(T <Z)‘ ) TM2

T) = () oz 22(T) (Z Af) 2 gz Ol .
k=1 ’

From inequalities (34)—(36), we conclude that

T M.
< (3@ oy + |

I, )l + 8 ez + [P0 o

< A(T) + B(T) ||a(t) |l ooy (e, t)||Bg’T + D(T) |b() | 0,77 » (37)
where
A(T) = Ai(T) + Ao(T) + A3(T), B(T) = Bi(T) + B2(T) + Bs(T),

D(T) = D:i(T) + D2(T) + D3(T).
Let us prove the following theorem.

Theorem 2. Let the conditions Hy) — Hy) and the condition
(B(T)(A(T)+2)+ D(T))(A(T) +2) <1, (38)

be fulfilled. Then, problem (1)—(3), (8), (9) has a unique solution in the ball
K =Kg (|zllg <R < AT) +2).

Proof. First, we write the system of equations (24), (28), (29) in the operator

form
z =Pz, (39)

where z = {u, a,b}. The components ®;(u,a,b) (i = 1,2,3), of operator ®(u, a, b)
defined by the right side of equations (24), (28) and (29), respectively.

Further, consider the operator ®(u,a,b) in the ball K = Kg of the space E%
and show that the operator ® takes the elements of the ball K = Kp into itself.
Similar to (35), we obtain that for any zi, 29,23 € Kpg the following estimates
holds

192]| gz < A(T) + B(T) la®)llcpory 1wz, )l g3 . + D) [16() | o101y
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< A(T) + B(T)(A(T) +2)* + D(T)(A(T) + 2) < A(T) + 2, (40)
1921 = P20l g < B(T)R([lar(t) — az(t)llcpory + lur(z,t) —ua (@, 1) ps )

+D(T) [[b1(2) = b2 (D)l 0,17 - (41)

Then by (38), from last two estimates follows that the operator ® acts in a
ball K = Kg and it can be show that the operator ® is contractive. Therefore
the operator ® has a unique fixed point {z} = {u, a, b} in the ball K = Kg, which
is a unique solution of equation (39); i.e. {z} = {u,a,b} is a unique solution of
the systems (24), (28), (29) in the ball K = Kp .

Thus, we obtain that the function u(x,t), as an element of the space BS’T is
continuous and has continuous derivatives u,(x,t) and uy,(x,t) in Dp. 7

By virtue of (20), for each k € N the function ©DSuy(t) is continuous on
[0,T]. Consequently, the following relation holds

(Z(AfDS‘tuik(t))?) <V2 (Z()\%||Uik(t)||0[o,7’])2)

k=1 k=1

42l 8) + alt)us . 6) + bE)g (D oo, 1)] < 4o,

Then, on the basis of the last relation we can write © D§u(x,t) € C(D7).

It is not hard to verify that equation (1) and conditions (2), (3), (8), and (9)
are satisfied in the usual sense. Thus, the triple of {u(x,t),a(t),b(t)} is solution
to the problem (1)—(3), (8), (9) and due to the assertion of the Lemma 1 it is
unique in the ball K = Kpg.

Hence, from Theorem 2, by virtue of Theorem 1, it follows the validity of the
following

Theorem 3. Let all assertions of Theorem 2 and compatibility conditions (6),
(7) be satisfied. In addition, let the equality

1 1
/f(:z,t)dm:/g(x,t)dazzo, 0<t<T
0 0

holds. Then problem (1)-(5) has a unique classical solution in the ball K =
Kpg (||z||E;} < R = A(T) +2) of the space E3..
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4. Conclusions

In this paper, the problem of determining source terms in a time-fractional
parabolic equation from nonlocal measurement data has been investigated. The
original inverse boundary value problem, formulated under periodic and integral
conditions in a finite domain, was first transformed into an equivalent problem
with prescribed data, and the equivalence of these formulations was rigorously
justified. By applying the Fourier method, the auxiliary problem was reduced
to a system of integral equations. The contraction mapping principle was then
employed to establish the existence and uniqueness of the solution to this system.
Using this equivalence, sufficient conditions ensuring the existence and uniqueness
of the classical solution to the original inverse problem were derived.

The results obtained contribute to the theoretical foundation of inverse prob-
lems for fractional parabolic equations and may serve as a basis for further re-
search on the development of analytical and numerical methods for the recon-
struction of unknown sources in fractional diffusion processes.
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this manuscript.
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