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g-modified Sumudu transform and its applications
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Abstract. In this work, we explore the concept of ¢- modified Sumudu transform with its prop-
erties. We also give some theorems on ¢- modified Sumudu transform. Furthermore, we obtain
some applications of ¢- modified Sumudu transform for solving differential equations ("ODEs")
with initial and boundary conditions.
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1. Introduction

Analysts are effectively locked in fundamentally change to grow the concern as its signifi-
cance in depicting and examining physical framework [1]| to [12] and for understanding the
dynamic and delayed differential equations. [13, 14] Jackson [15] presented g-calculus, and
presently a day’s g-calculus got much noteworthiness in numerous branches of science and
designing. The concept of g-calculus is appropriate in fractional calculus, control issues,
and finding arrangements of ¢-difference and g¢-integral conditions [16] to [19]

The modified Sumudu transform of a function A(7) in Ugar [7] is defined by

Glria) = Su[h(r)] = © /O o Rh(r)dr (1)

K

2. Preliminaries

We recall some well known definition and notation used in [16] to [21].

The g-shifted factorials for g € (0,1) and x € C are defined as

n—1
(55q)o =1, (kiq)n = [J(1 = rd"), n=1,2..,
k=0
o
(K@) = HILII;O(K; Qn = H(l — k).
k=0

Also we write
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n € N.

(¢
5le! = (1—g’

The g-derivatives Dyh and D] of a function £, given by [16]

R

(Dyh)(a) = W

(Dgh)(0) = 1/ (0) exists.

, for (a7 0),

The g-derivative of the product

Dy(h-p)(@) = p(a)Dgh(e) + hlger) Dap(e).
The ¢-Jackson integral in [15]

| bl = (1= a3 haa)"

n=0

o0

| e =a-a) 3w

n=—oo

provided these sums converge absolutely.

A g-analogue of integration is

7 ctorpittariza - Kot - 1oty - | a)Dysta) de

In [19] and [24], we have

0 TL(TL— 1) n

Bp=Xa 2 = (0-0m0s 2)
n=0 7

oo 1 e 1

eq_;[n]q!_((l—q)p;q)oo’ Sy @)

The above equations (2) and (3) satisfy the following equations
Dyey = elj, DyE§ = EJ’,
and
ehEy" = Eq’e) = 1.

In 15, 20, 25, 26, 27|, we have
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F(ﬁ):f o’ le=®da by
0

T, (0) = (((;{;;qq);;(l —q)? 1, 9 A£0,-1,—2.......

Therefore
Lg(9 4+ 1) = [9],I'(0), Te(1) =1,
and

lim Ty(9) =(9), Re(®) > 0.

q—1-

The function I'; has the following q -integral representations

1

Lo(y) = b 1=a 197_1Eq_q19dq19
00

1= gp1p77%,0.
0

The g-integral representation I'y is defined in [19, 20, 27, 28, 29] as follows:
For all v,v > 0, we have

.
L) = Kq(©) f P arie g,

and

> (e g)e
Bq(ﬁ,y)Kq(ﬁ)I a? 1¥dqa,

(_a; Q)oo
where,
(—¢,—1;¢)
Kal0) = (—¢%, =" q)0
log(1 —
1160 =9 7o obtain
log(q)

(0.¢]

o0
Lq(7) = Kq(7) j(: 1=d 1o agn — | 1=qy-1p;99.

3. Main results

Definition 3.1. The g-modified Sumudu transform of a function h(7) is defined by
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|

Glrsa) = Sulh(r)] = s [ a0 1) dyr (@)

Property 3.1. (Linearity property)

If A(7) and p(7) are two functions whose g-modified Sumudu transform exists, then for
any constant M and N, we have

¢SalMA(T) + Nop(7)] = MgSa[A(7)] + NgSalp(T)]-

Proof. We can easily write

SolMA(T) + Nolr)] = s I "o WIMI() + No(r) dgr

M R N
_ K
S onh aqg ¥ h(T) qu—i—(l e [ aq " p(T) dgt

= MySa[h(7)] + NgSa[p(7)].
Property 3.2. ¢- modified Sumudu transform holds for the following;:

(1) Let A(t) = 1, then
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7 loga o o
‘ 1 o — e _ i
(4) an(San(QT)) = m L[ eq K (%) qu

l l
L et L el
- e K ldgp———7—— e k 1d,r
2iu (1—¢q) Jo 2ik (1—4q) Jo

1 1 1
2k (1—9q) {loga —iQk  loga + iQ/—J

Ok
(1 —q) [(loga)? + Q2K2]
7 loga o -
B 1 o — - ez T_‘_e(;Z T
(5)  ¢Salcosq(027)) = k(1—q) I €q ( % ) dqT

ety e el
- f e w Lt f e kL dyr
2ik(1—¢q) Jo 2i & (1—q) Jo

1 1 1
T 2k (1-9q) {loga — QK + loga + Z'Q,LJ
loga
(1 —q) [(loga)? + Q2k?]"

7 loga 0 0
1 co  — P
: _ K q q
(6) ¢Sa(sinhy(Qr)) = Py T J(: €q ( 5 ) dqT
L [ [,
265 (1—¢q) J T2k (1-q) "
B 1 . 1
2k (1—q)(Qk —loga) 2k (1—q)(Qk + loga)
B QK
~ (1—q) (%2 — (loga)?]’
7 loga 0 0
1 o0 — e T +6_ T
_ K q q
(7) ¢Sa(coshy(Qr)) = =0 L/(: €q ( 5 > dqT
) foo [Q_lfﬂ} . foo . [ml()ﬂ}
2u (1—¢q) Jo ‘ qu+2 k(1—q) Jo ‘ da
B 1 - 1
2k (1—-¢q)(Q%k —loga) 2k (1—q)(Qk+ loga)
loga

(1—q) 22k — (loga)?]
Property 3.3. (Change of scale property)

If 4 Sa{F(7)} = fi(k), then ySo{F(s 7)} - iﬁ(lgogf)

Proof. By definition, we have

- _Tloga
¢SalF(sT)] = /ﬁ(ll—q)j(; eq ¥ F(sT)dyt
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putting ¢7 = x = ¢dy7 = dgX

x loga
1 f“‘§H
= — F(x) d
1 _/loga
= —h{——).
§(§I{>

Property 3.4. (First shifting property)

Let ¢Sq[h(T)] = G(k;a). Each of the following

:G<1—HQ;<>‘

Property 3.5. (Second shifting property)
If A(7) is such that (S,{h(7)} = F(v;a), then

—~

Sal(r — W)Rs(7)] = ag S [h(7)]

Proof. We have
SalA(T — w)kw(T)] = 1f00a—; M —w) d,7
qg~a w - K (1 —Q) b q q’-

Putting 7 —w =M — d,7 = d M, therefore

¢Salf(T — w)uy(T)] = S — Im a;; h(T—w) dgT = K(ll_q) IOO a; o F(M)deM

Property 3.6. (Convolution Theorem - g-modified Sumudu transform con-
volution product:
Definition 3.2: The convolution of A(7) and p(7) is defined by

1
(1-9q)

(hxp)(T) = IT Ww) p(t —w) dgw.

Theorem 3.1 Let (S, {h(7)} = F(¢;a) and ;Se{p(7)} = G(¢; a) be such that i(7) and ()
be two functions on (0,00) . Then
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¢Sa(hx p)(T) =k F(1;a) G(v: a).
Proof.

ol o)) - = f Ty ® (e g)(r) dy

1 —? f f —w) dyw) dg7

Setting 7 — w — v = dy7 = dy7y, we have

= w(1—q)? ‘_/Oj '_/(; a £ Ww)p(y) dey dgw
w

= K(/ﬁ(ll—q)aq—ﬁ h(w) dqw) </<;(1 _q)aq

=k F(1;a) G(¢: a).

Theorem 3.2. If the ¢g-modified Sumudu transform of a function #(7) exists, then
SSalilr = N) (7 = W)} = &% VSu{hlr — N)} 7> N,

where H(7) is Heaviside unit step function defined by H(7 — N) = 1, when

7> N and H(t — N) =0, when 7 < N.

Proof. We have

7 loga
1 -
an{ﬁ(T—N)ap(T—N)}—K(l_q)I eq " W —N)H(r—N)d
7 loga
1 o=
n(l—q)'j(: eq ® Rr—N)dyr, 7>N

By Putting B=7—N=7=N+B

(N + B) loga

¢5a{(B) ¢(B)} = ﬁ(ll_q)j:ooeq_ R n(B) d,B

N loga

1 — oo
= — k K n(B) d,B
m(l—q)eq I €q (B) dq

N loga
—ep F o Sa{R(B)).

B loga

Theorem 3.3. If ¢- modified Sumudu transform of the h(x) exists where (k) is a
periods function of period M (that is A(k + M) = (h(k)), Vk)
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M loga
- -1
o < ]
_ K
¢Salli(T)] = k(1 —q) ; €q A(T) dg.
T loga
1 -
Proof. an[h(K/)] = m I €q K h(T) qu

7 loga

1fMe TP Pa— fooe K h(r)d
Ck(l-q)Jo DT e i
Setting T =C + M

u T loga (C+ M) loga
_ 1 K 1 foo - K
Kk (1—q) I c i) dar ¢ W1—q)

WC + M) d,C

7 loga M loga

M — o]
__ f eq T R(r)dgT+ 1 eq P f eq
K (1—q) Jo k(1 —q) 0

7 loga M loga

1 M-
—MI eg T R(r)dgTeq T Safh(r)]

M loga

= [1 —eq ]an[ﬁ(T)} = /»;(11—q) IMeq K h(r) dgr

7 loga

-1
=, Sa[fi(7)] = )} fo Me; K (r) dyr.

4. Application

2

Y dg¥
Application 4.1. Solve —Z 5 +9 =0, under the condition ¢ = 1, —1= = 0 when 7 —0.
dyT dgt

Using the proposed transform, we have

1

= [(loga)gsa(n) —109aySali(0) — kg Sah/ (0)| 44 Sa(k) =0
o

(1—q)r?

1 1
or, {?(loga)2 + 1}(15@(&) = o

1 loga
 loga | (1 —q) [(loga)? + k2]

1
or, ?(loya)g‘s&(’{) +q Sa(k) =

or, ¢Sa(K)

cos
or, K = 7(1(7_).
loga

K(C) d,C
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Application 4.2. Solve (Dg —2Dy+1)9 =0, 9 =DV =1, when 7 =0.

Using the proposed transform, we have

% ((loga)gSa(/-i) —logagSeh(0) — ﬁanﬁ/(O)) — %(logaqsa(fi) — ﬁ(O))

+45.(k) =0
1 1 1 2 &
2 25 (k) — - — =1 a 1 — Voo
or, /<,2( oga)qS (k) Z(0=q) w0 —qloga n 09aqSa (k) + k(1 — q)loga
+45.(k) =0
1 2 2 1 L
a ) o Ly = N
or, ¢S.(k) |:I€2 (loga) K/loga + k2(1—¢q) (1—q) & loga
loga — Kk
Sa(k) =
o0 50 = ) Toga (loga)? — 2#Toga + 7]
loga — K
Sa(k) =
o 4548 = (T T Toga (Taga — P
1
Sa(k) =
or, q (K) (1 _ q) loga (loga — /‘C)
or, K = loga 7

Application 4.3. We take the first order ODE

¥
—— +9=0, 9(0) =1.
g,r =0 00)

Using the proposed transform, we have

1

- <logaq5a(n) —q SJZ(O)) +4 Sa(k) =0
K

loga

1
or, |:El0‘ga + 1:| an(H) = m

loga
(1—-q) (loga + k)

_ —T
or, kK = loga. e, ".

or, ¢S.(k) =

5. Conclusion

We conclude this work by remarking that we have explored the concept of the g-
modified Sumudu transform and established several of its fundamental properties. A
set of key theorems has been developed to strengthen the theoretical framework of the
transform. Moreover, we have demonstrated its applicability by employing the g-modified
Sumudu transform to obtain solutions of ordinary differential equations subject to initial
and boundary conditions. These results highlight the effectiveness and potential of the
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g-modified Sumudu transform as a powerful tool for solving diverse classes of differential
equations, as well as showing the importance of the g-analogue [ 30, 31, 32, 33, 34 |.
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