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q-modified Sumudu transform and its applications

S. Jain, S. Panda, A. K. Sinha and P. Agarwal

Abstract. In this work, we explore the concept of q- modified Sumudu transform with its prop-
erties. We also give some theorems on q- modified Sumudu transform. Furthermore, we obtain
some applications of q- modified Sumudu transform for solving differential equations (”ODEs")
with initial and boundary conditions.
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1. Introduction

Analysts are effectively locked in fundamentally change to grow the concern as its signifi-
cance in depicting and examining physical framework [1] to [12] and for understanding the
dynamic and delayed differential equations. [13, 14] Jackson [15] presented q-calculus, and
presently a day’s q-calculus got much noteworthiness in numerous branches of science and
designing. The concept of q-calculus is appropriate in fractional calculus, control issues,
and finding arrangements of q-difference and q-integral conditions [16] to [19]

The modified Sumudu transform of a function ℏ(τ) in Ugar [7] is defined by

G(κ; a) = Sa[ℏ(τ)] =
1

κ

∫ ∞

0
a
−
τ

κℏ(τ)dτ. (1)

2. Preliminaries

We recall some well known definition and notation used in [16] to [21].

The q-shifted factorials for q ∈ (0, 1) and κ ∈ C are defined as

(κ; q)0 = 1, (κ; q)n =

n−1∏
k=0

(1− κqk), n = 1, 2...,

(κ; q)∞ = lim
n→∞

(κ; q)n =

∞∏
k=0

(1− κqk).

Also we write
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[κ]q =
1− qκ

1− q
, [κ]q! =

(q; q)n
(1− q)n

, n ∈ N.

The q-derivatives Dqℏ and D+
q of a function ℏ, given by [16]

(Dqℏ)(α) =
ℏ(α)− ℏ(qα)

(1− q)α
, for (α ̸= 0),

(Dqℏ)(0) = ℏ′(0) exists.

The q-derivative of the product

Dq(ℏ.φ)(α) = φ(α)Dqℏ(α) + ℏ(qα)Dqφ(α).

The q-Jackson integral in [15]

∫ κ

0
ℏ(α)dqα = (1− q)α

∞∑
n=0

ℏ(αqn)qn,

∫ ∞

0
ℏ(α)dqα = (1− q)

∞∑
n=−∞

ℏ(qn)qn,

provided these sums converge absolutely.

A q-analogue of integration is∫
ϖ

κ
φ(α)Dqℏ(α)dqα = ℏ(ϖ)φ(ϖ)− ℏ(κ)φ(κ) −

∫
ϖ

κ
ℏ(qα)Dqφ(α) dqα.

In [19] and [24], we have

Eρ
q =

∞∑
n=0

q

n(n− 1)

2
ρn

[n]q!
= (−(1− q)z; q)∞, (2)

eρq =
∞∑
n=0

ρn

[n]q!
=

1

((1− q)ρ; q)∞
, |z| < 1

1− q
. (3)

The above equations (2) and (3) satisfy the following equations

Dqe
ρ
q = eρq , DqE

ρ
q = Eqρ

q ,

and

eρqE
−ρ
q = E−ρ

q eρq = 1.

In [15, 20, 25, 26, 27], we have
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Γ(ϑ) =

∫
∞

0
αϑ−1e−αdα by

Γq(ϑ) =
(q; q)∞
(qϑ; q)∞

(1− q)ϑ−1, ϑ ̸= 0,−1,−2.......

Therefore

Γq(ϑ+ 1) = [ϑ]qΓ(ϑ), Γq(1) = 1,

and

lim
q→1−

Γq(ϑ) = Γ(ϑ), Re(ϑ) > 0.

The function Γq has the following q -integral representations

Γq(γ) =

∫ 1

1− q
0

ϑγ−1E−qϑ
q dqϑ

=

∫ ∞
1− q

0
ϑγ−1E−qϑ

q dqϑ.

The q-integral representation Γq is defined in [19, 20, 27, 28, 29] as follows:
For all γ, ϑ > 0, we have

Γq(γ) = Kq(ξ)

∫ ∞
1− q

0
αγ−1e−α

q dqα,

and

Bq(ϑ, γ) = Kq(ϑ)

∫
∞

0
αϑ−1 (−αqγ+1; q)∞

(−α; q)∞
dqα,

where,

Kq(ϑ) =
(−q,−1; q)∞

(−qϑ,−q1−ϑ; q)∞
.

If
log(1− q)

log(q)
∈ Z, we obtain

Γq(γ) = Kq(γ)

∫ ∞
1− q

0
αγ−1e−α

q dqα =

∫ ∞
1− q

0
ϑγ−1E−qϑ

q dqϑ.

3. Main results

Definition 3.1. The q-modified Sumudu transform of a function h(τ) is defined by
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G(κ; a) =q Sa[ℏ(τ)] =
1

κ (1− q)

∫ ∞

0
a
−
τ

κ
q ℏ(τ) dqτ. (4)

Property 3.1. (Linearity property)

If ℏ(τ) and ℘(τ) are two functions whose q-modified Sumudu transform exists, then for
any constant M and N, we have

qSa[Mℏ(τ) +N℘(τ)] = MqSa[ℏ(τ)] +NqSa[℘(τ)].

Proof. We can easily write

qSa[Mℏ(τ) +N℘(τ)] =
1

(1− q) κ

∫
∞

0
a
−
τ

κ
q [Mℏ(τ) +N℘(τ)] dqτ

=
M

(1− q)κ

∫
∞

0
a
−
τ

κ
q ℏ(τ) dqτ+

N

(1− q)κ

∫
∞

0
a
−
τ

κ
q ℘(τ) dqτ

= MqSa[ℏ(τ)] +NqSa[℘(τ)].

Property 3.2. q- modified Sumudu transform holds for the following:

(1) Let ℏ(τ) = 1 , then

qSa(1) =
1

κ (1− q)

∫
∞

0
a
−
τ

κ
q dqτ

=
1

(1− q) κ

∫
∞

0
e
−
τ loga

κ
q dqτ

=
1

(1− q) loga
.

(2) Let ℏ(τ) = eΩτ
q , then

qSa[e
Ωτ
q ] =

1

κ (1− q)

∫
∞

0
eΩτ
q e

−
τ loga

κ
q dqτ

=
1

κ (1− q)

∫
∞

0
e
τ
(
Ω−

loga

κ

)
q dqτ

=
1

(1− q) (loga− Ωκ)
.

(3) Let ℏ(τ) = τ, then

qSa(τ) =
1

κ(1− q)

∫
∞

0
τ e

−
τ loga

κ
q dqτ

=
κ

(1− q)(loga)2
.
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(4) qSa(sinq(Ωτ)) =
1

κ (1− q)

∫
∞

0
e
−
τ loga

κ
q

(eiΩτ
q − e−iΩτ

q

2i

)
dqτ

=
1

2i u (1− q)

∫
∞

0
e
τ

[
iΩ−

loga

κ

]
dqt−

1

2i κ (1− q)

∫
∞

0
e
−τ

[
iΩ+

loga

κ

]
dqτ

=
1

2i κ (1− q)

[ 1

loga− iΩκ
− 1

loga+ iΩκ

]
=

Ωκ

(1− q) [(loga)2 +Ω2κ2]
.

(5) qSa(cosq(Ωτ)) =
1

κ (1− q)

∫
∞

0
e
−
τ loga

κ
q

(eiΩτ
q + e−iΩτ

q

2i

)
dqτ

=
1

2i κ (1− q)

∫
∞

0
e
τ

[
iΩ−

loga

κ

]
dqτ+

1

2i κ (1− q)

∫
∞

0
e
−τ

[
iΩ+

loga

κ

]
dqτ

=
1

2i κ (1− q)

[ 1

loga− iΩκ
+

1

loga+ iΩκ

]
=

loga

(1− q) [(loga)2 +Ω2κ2]
.

(6) qSa(sinhq(Ωτ)) =
1

κ (1− q)

∫
∞

0
e
−
τ loga

κ
q

(eΩτ
q − e−Ωτ

q

2

)
dqτ

=
1

2κ (1− q)

∫
∞

0
e
τ

[
Ω−

loga

κ

]
dqτ−

1

2 κ (1− q)

∫
∞

0
e
−τ

[
Ω+

loga

κ

]
dqτ

=
1

2 κ (1− q)(Ωκ− loga)
+

1

2 κ (1− q)(Ωκ+ loga)

=
Ωκ

(1− q) [Ω2κ2 − (loga)2]
.

(7) qSa(coshq(Ωτ)) =
1

κ (1− q)

∫
∞

0
e
−
τ loga

κ
q

(eΩτ
q + e−Ωτ

q

2

)
dqτ

=
1

2u (1− q)

∫
∞

0
e
τ

[
Ω−

loga

κ

]
dqτ+

1

2 κ (1− q)

∫
∞

0
e
−τ

[
Ω+

loga

κ

]
dqτ

=
1

2 κ (1− q)(Ωκ− loga)
− 1

2 κ (1− q)(Ωκ+ loga)

=
loga

(1− q) [Ω2κ2 − (loga)2]
.

Property 3.3. (Change of scale property)

If qSa{F (τ)} = ℏ(κ), then qSa{F (ς τ)} =
1

ς
ℏ
( loga
ς τ

)
.

Proof. By definition, we have

qSa[F (ςτ)] =
1

κ(1− q)

∫
∞

0
e
−
τ loga

κ
q F (ςτ)dqτ
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putting ςτ = χ ⇒ ςdqτ = dqχ

=
1

ς (1− q)

∫
∞

0
e
−
χ loga

ς κ
q F (χ) dqχ

=
1

ς
ℏ
( loga
ς κ

)
.

Property 3.4. (First shifting property)

Let qSa[ℏ(τ)] = G(κ; a). Each of the following

qSa[a
Ωτℏ(τ)] = G

( κ

1− Ωκ

)
.

Proof. qSa[a
Ωτℏ(τ)] =

1

κ(1− q)

∫
∞

0
aΩτ a

−
τ

κ dqτ

=
1

κ(1− q)

∫
∞

0
a
τ

(
Ω−

1

κ

)
dqτ

= G
( κ

1− Ωκ

)
.

Property 3.5. (Second shifting property)
If ℏ(τ) is such that qSa{ℏ(τ)} = F (γ; a), then

qSa[ℏ(τ − ω)κω(τ)] = a
−
ω

κ
q qSa[ℏ(τ)].

Proof. We have

qSa[ℏ(τ − ω)κω(τ)] =
1

κ (1− q)

∫
∞

0
a
−
τ

κ
q ℏ(τ − ω) dqτ.

Putting τ − ω = M → dqτ = dqM , therefore

qSa[f(τ − ω)uω(τ)] =
1

κ (1− q)

∫
∞

0
a
−
τ

κ
q ℏ(τ−ω) dqτ =

1

κ (1− q)

∫
∞

ω
a
−
ω +M

κ
q F (M) dqM

= a
−
ω

κ
q qSa[ℏ(τ)].

Property 3.6. (Convolution Theorem - q-modified Sumudu transform con-
volution product:

Definition 3.2: The convolution of ℏ(τ) and ℘(τ) is defined by

(ℏ ∗ ℘)(τ) = 1

(1− q)

∫
τ

0
ℏ(ϖ) ℘(τ −ϖ) dqϖ.

Theorem 3.1 Let qSa{ℏ(τ)} = F (ι; a) and qSa{℘(τ)} = G(ι; a) be such that ℏ(τ) and ℘(τ)
be two functions on (0,∞) . Then
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qSa(ℏ ∗ ℘)(τ) = κ F (ι; a) G(ι : a).

Proof.

qSa[(ℏ ∗ ℘)(τ)] =
1

κ (1− q)

∫
∞

0
a
−
τ

κ
q (ℏ ∗ ℘)(τ) dqτ

=
1

κ (1− q)2

∫
∞

0
a
−
τ

κ
q

∫
τ

0
(ℏ(ϖ) ℘(τ −ϖ) dqϖ) dqτ.

Setting τ −ϖ = γ ⇒ dqτ = dqγ, we have

=
1

κ (1− q)2

∫
∞

0

∫
∞

0
a
−
γ +ϖ

κ ℏ(ϖ) ℘(γ) dqγ dqϖ

= κ
( 1

κ(1− q)
a
−
ϖ

κ
q ℏ(ϖ) dqϖ

) ( 1

κ(1− q)
a
−
γ

κ
q ℘(γ) dqγ

)
= κ F (ι; a) G(ι : a).

Theorem 3.2. If the q-modified Sumudu transform of a function ℏ(τ) exists, then

qSa{ℏ(τ −N) φ(τ −N)} = e−χ N
q Sa{ℏ(τ −N)} τ > N,

where H(τ) is Heaviside unit step function defined by H(τ −N) = 1, when

τ > N and H(τ −N) = 0, when τ < N.

Proof. We have

qSa{ℏ(τ −N) φ(τ −N)} =
1

κ (1− q)

∫
∞

0
e
−
τ loga

κ
q ℏ(τ −N) H(τ −N) dqτ

=
1

κ (1− q)

∫
∞

0
e
−
τ loga

κ
q ℏ(τ −N) dqτ, τ > N.

By Putting B = τ −N ⇒ τ = N +B

qSa{ℏ(B) φ(B)} =
1

κ (1− q)

∫
∞

0
e
−
(N +B) loga

κ
q ℏ(B) dqB

=
1

κ (1− q)
e
−
N loga

κ
q

∫
∞

0
e
−
B loga

κ
q ℏ(B) dqB

= e
−
N loga

κ
q qSa{ℏ(B)}.

Theorem 3.3. If q- modified Sumudu transform of the ℏ(κ) exists where ℏ(κ) is a
periods function of period M (that is ℏ(κ+M) = (ℏ(κ)), ∀κ)
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qSa[ℏ(τ)] =

[
1− e

−
M loga

κ
q

]−1

κ(1− q)

∫
M

0
e
−
τ loga

κ
q ℏ(τ) dqτ.

Proof. qSa[ℏ(κ)] =
1

κ(1− q)

∫
∞

0
e
−
τ loga

κ
q ℏ(τ) dqτ

=
1

κ(1− q)

∫
M

0
e
−
τ loga

κ
q ℏ(τ) dqτ +

1

κ(1− q)

∫
∞

M
e
−
τ loga

κ
q ℏ(τ) dqτ.

Setting τ = C +M

=
1

κ (1− q)

∫
M

0
e
−
τ loga

κ
q ℏ(τ) dqτ +

1

κ(1− q)

∫
∞

0
e
−
(C +M) loga

κ
q

ℏ(C +M) dqC

=
1

κ (1− q)

∫
M

0
e
−
τ loga

κ
q ℏ(τ) dqτ +

1

κ(1− q)
e
−
M loga

κ
q

∫
∞

0
e
−
C loga

κ
q ℏ(C) dqC

=
1

κ (1− q)

∫
M

0
e
−
τ loga

κ
q ℏ(τ) dqτ + e

−
M loga

κ
q qSa[ℏ(τ)]

⇒
[
1− e

−
M loga

κ
q

]
q
Sa[ℏ(τ)] =

1

κ(1− q)

∫
M

0
e
−
τ loga

κ
q ℏ(τ) dqτ

⇒q Sa[ℏ(τ)] =

[
1− e

−
M loga

κ
q

]−1

κ(1− q)

∫
M

0
e
−
τ loga

κ
q ℏ(τ) dqτ.

4. Application

Application 4.1. Solve
d2qϑ

dqτ2
+ϑ = 0, under the condition ϑ = 1,

dqϑ

dqτ
= 0 when τ =0.

Using the proposed transform, we have

1

κ2

[
(loga)2qSa(κ)− logaqSaℏ(0)− κqSaℏ/(0)

]
+q Sa(κ) = 0

or,
1

κ2
(loga)2qSa(κ) +q Sa(κ) =

1

(1− q)κ2

or,
[ 1

κ2
(loga)2 + 1

]
q
Sa(κ) =

1

κ2(1− q)

or, qSa(κ) =
1

loga

[
loga

(1− q) [(loga)2 + κ2]

]
or, κ =

cosq(τ)

loga
.
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Application 4.2. Solve (D2
q − 2Dq + 1)ϑ = 0, ϑ = Dϑ = 1, when τ = 0.

Using the proposed transform, we have

1

κ2

(
(loga)2qSa(κ)− logaqSaℏ(0)− κqSaℏ/(0)

)
− 2

κ

(
logaqSa(κ)− ℏ(0)

)
+qSa(κ) = 0

or,
1

κ2
(loga)2qSa(κ)−

1

κ2(1− q)
− 1

κ(1− q)loga
− 2

κ
logaqSa(κ) +

2

κ(1− q)loga

+qSa(κ) = 0

or, qSa(κ)
[ 1

κ2
(loga)2 − 2

κ
loga+ 1

]
=

1

κ2(1− q)
− 1

(1− q) κ loga

or, qSa(κ) =
loga− κ

(1− q) loga [(loga)2 − 2κloga+ κ2]

or, qSa(κ) =
loga− κ

(1− q) loga (loga− κ)2

or, qSa(κ) =
1

(1− q) loga (loga− κ)

or, κ =
1

loga
eτq .

Application 4.3. We take the first order ODE

dqϑ

dqτ
+ ϑ = 0, ϑ(0) = 1.

Using the proposed transform, we have

1

κ

(
logaqSa(κ)−q Saℏ(0)

)
+q Sa(κ) = 0

or,
[1
κ
loga+ 1

]
q
Sa(κ) =

loga

(1− q)κ

or, qSa(κ) =
loga

(1− q) (loga+ κ)

or, κ = loga. e−τ
q .

5. Conclusion

We conclude this work by remarking that we have explored the concept of the q-
modified Sumudu transform and established several of its fundamental properties. A
set of key theorems has been developed to strengthen the theoretical framework of the
transform. Moreover, we have demonstrated its applicability by employing the q-modified
Sumudu transform to obtain solutions of ordinary differential equations subject to initial
and boundary conditions. These results highlight the effectiveness and potential of the
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q-modified Sumudu transform as a powerful tool for solving diverse classes of differential
equations, as well as showing the importance of the q-analogue [ 30, 31, 32, 33, 34 ].

Disclosure statements: The authors declare that there is no conflict of interest.
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